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Abstract: This article deals with a quantitative aspect of Hilbert's seven- 
teenth problem : producing a collection of real polynomials in two variables 
of degree 8 in one variable which are positive but are not a sum of three 
squares of rational fractions. As explained by Huisman and Mahe, a given 
monic squarefree positive polynomial in two variables x and y of degree in 
y divisible by 4 is a sum of three squares of rational fractions if and only 
if the jabobian variety of some hyperelliptic curve (associated to P) has an 
" antineutral" point. Using this criterium, we follow a method developped 
by Cassels, Ellison and Pfister to solve our problem : at first we show the 
Mor dell- Weil rank of the jacobian variety J associated to some polynomial 
is zero (this step is done by doing a 2-descent), and then we check that the 
jacobian variety J has no antineutral torsion point. 
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Introduction 

Let P £ M.[Xi, ■ ■ ■ ,X n ] be a polynomial. If P is a sum of squares in 
K(.X~i, • • • , X n ), then P is a positive polynomial (i.e. such that P(x±, • • • , x n ) 
is greater than or equal to for every (x%, • • • , x n ) £ R n ). Conversely, when 
P is a positive polynomial, one can ask whether P is a sum of squares 
in R(Xi,--- ,X n ). That question is called Hilbert's 17th problem and is 
answered positevely by Artin in the year 1927 (see |Art27j ). 

A related question is to compute the minimal number r such that every 
positive polynomial can be written as a sum of r squares in R(Xi, • • • , X n ). 
The answer is not completely known. Hilbert proves that every positive 
polynomial P € R[A, Y] is a sum of four squares in R(A, Y) (see [Hil88| ). 
He proves a little more: every positive polynomial P £ M[X,Y] of total 
degree less than 4 is a sum of three squares of polynomials. The first of 
these two results is generalized by Pfister in the following way: every positive 
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polynomial P E R[-X"i, • • • , X n ] is a sum of 2™ squares in R(Xi, • • • , X n ) (see 

There is no known effective characterization of sums of three squares in 
R(X, Y). However, in 1971, Cassels, Ellison and Pfister show that Motzkin's 
polynomial 

M(X, Y) = l + X 2 Y 4 + X 4 Y 2 - 3X 2 Y 2 

is a positive polynomial (thus a sum of four squares in R(Jf, Y)), but is not 
a sum of three squares in R(X, Y) (see |CEP71| ). 

To prove this theorem, Cassels, Ellison and Pfister consider for each 
positive polynomial F(X,Y) = 1 + A(X)Y 2 + B(X)Y 4 E R(X,Y) with 
B(A 2 — AB) ^ the elliptic curve £ p defined over R(x) by the equation 

-P 2 = a{a 2 - 2A{x)a + A{x) 2 - AB{x)) 

and they show that F is a sum of three squares in R(X, Y) if and only if Ep 

has a R(x)-point (a, j3) such that a and — ^a 2 — 2A (x) a + A (x) 2 — 4B (x^j 

are sums of two squares in R(x) (i.e. take only nonnegative values on R). A 
similar method allows Christie (in 1976, see |Chr76] ). then Mace (in 2000, 
see [MacOO] ). and then Mace and Mahe (in 2005, see [MM05] ) to construct 
other families of positive polynomials in two variables that are not a sum of 
three squares of rational fractions. 

Using a totally different strategy (based on Noether-Lefschetz's theo- 
rem), Colliot-Thelene proves in 1992 the existence of positive polynomials 
in two variables of even degree greater than or equal to 6 in one variable 
that are not a sum of three squares of rational fractions, (see [CT93J). 

Using the method of Cassels, Ellison and Pfister one can only study 
polynomials of the form Y 4 + A(X)Y 2 + B(X): we need the elliptic curve 
Ep given by the equation — (3 2 = a{a 2 — 2A(x)a + A{x) 2 — AB(x)). During 
the year 2001, Huisman and Mahe generalized the construction of Cassels, 
Ellison and Pfister by introducing the concept of antineutral point (see Defi- 
nition [3Tl.5p . In [HM01J, Huisman and Mahe show that a nonconstant monic 
squarefree polynomial P(X, Y) of degree in Y divisible by 4 is a sum of three 
squares in the field R(X, Y) if and only if a R(x)-point of the jacobian of 
the hyperelliptic curve C defined over R(x) by the equation z 2 + P(x, y) = 
is antineutral. 

In this article we generalize the method of Cassels, Ellison and Pfister 
using the results of Huisman and Mahe in order to construct families of 
positive polynomials in two variables of degree 8 in one variable that are 
not a sum of three squares. As a corollary we get a positive polynomial 
with coefficients in Q of degree 8 in one variable that is not a sum of three 
squares (such an example was not known before). 



3 



1 Notation. 



To simplify our statements we consider an elliptic curves as a genus 1 
hyperelliptic curve (i.e. we do not assume a hyperelliptic curve to have genus 
at least 2). 

For the background on Mumford's representation, semi-reduced divisors, 
reduced divisors ans Cantor's algorithms we refer to [Mum84] and [Can87| 
(see also |CFA+06] and [GauOO] ). A semi-reduced divisor with Mumford's 
representation (u,v) is denoted by div(u,v). A linear equivalence class with 
Mumford's representation (u, v) is denoted by < u, v >. 

When D is a divisor on a curve C defined over a field k and K is an 
extension of k we denote by Supp^(D) the support of D as a divisor on 
C x k K. 

For every abelian group A and for every n € N* we denote 

* by \ti\a ( or [ n ]) t ne multiplication-by-n automorphism of A, 

* by A[n] the kernel of [u]a and 

* by Ators the torsion subgroup of A. 

For the background on places of function fields we refer to [Sti93j (in this 
article we use its notation; in particular by a function field over a field k 
we mean a transcendance degree 1 extension of A:). If F\ is a function field 
and F2/F1 is a finite extension and V is a place of F2 above a place p of F% 
we denote by e(V\p) the ramification index of V above p and by f(V\p) the 
relative degree. 

Remark. In this article when we refer to a hypothesis by giving its num- 
ber, we mean the corresponding hypothesis in either Assumptions 12.31 or 
Assumptions 12.41 



2 Statement of the results. 

Notation 2.1 Let 77, u and p be real numbers. We assume that \u\ and \q\ 
are distinct. Denote by b\ the element 

p 2 -r? rj 2 - uj 2 

h -1 + — A • 

<jj A — 4 

In this article we look at the 'polynomial 

P(x 2 , y 2 ) := (y 2 + l) (y 2 + C (x 2 )) (y 4 + (l + C (x 2 )) y 2 + B (x 2 )) 

with B(x) := {x+b\) 2 — rj 2 andC(x) := 2(x+bi)+u> 2 —r] 2 — l. This polynomial 
is defined on the field k := Q(rj, u, p). We denote by C the hyperelliptic curve 
defined over k{x) by the affine equation z 2 + P(x 2 ,y 2 ) = 0. 
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Assumption 2.2 We assume the following three inequalities 
lo > 1 + \rj\, ui 2 - rj 2 > 2oj and b\ > H — — . 

Assumption 2.3 VFe assume that all the following elements are different 
from 

1. rj and p, 

2. uj 2 - rj 2 - 2 - 2n and uj 2 - rj 2 - 2 + 2rj, 

5 . (J 1 -1?- 2)* -to? -I, 

^. lo 2 — rj 2 — 1 + 2r\ and uj 2 — rj 2 — 1 — 2iy, 

5. {i0 2 -n 2 -lf -Arf-l, 

6. uj 2 — rj 2 — 2r] and uj 2 — rj 2 + 2rj. 

Assumption 2.4 We assume that none of the following elements is a square 
in k: 

a. (V - r/ 2 ) 2 - Au 2 ) = {lo 2 - rr 2 - 2u) (uj 2 - r/ 2 + 2uj), 

b. (26i - 2 + uj 2 - t] 2 )(uj 2 -rj 2 - 2w), 

c. (26i - 2 + w 2 - r/ 2 )(w 2 - ?? 2 + 2cj), 

d. 2(w 2 -t/ 2 -2cj)(& 1 -1-w) ; 

e. 2(w 2 -r/ 2 + 2o;)(fei - 1 + u) 

f. 2 (2b! - 2 + uj 2 - n 2 ) (6i - 1 + w), 

0. 2 (26i - 2 + to 2 - if ) (6i - 1 - w), 

fc. ((&! - l) 2 - a; 2 ) [(uj 2 - n 2 f - Auj 2 ) 

1. 2 (to 2 - r] 2 ) (uj 2 - n 2 - 2u) [(uj + l) 2 - i] 2 y (for each n G {0, 1}), 

j. 2 (uj 2 - 7] (for each n 6 {0, 1} ) 

k. ((&i-l) 2 -i/) ni ((^-l) 2 -r/ 2 ) n2 ((w + l) 2 -^ 2 )" 3 (with( ni ,n 2 ,n 3 ) 
a nontrivial triplet of elements of {0, 1} ), 

I. 2(uj 2 - V 2 ) (2b 1 -2 + uJ 2 -n 2 ), 
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m. 2«i (a; 2 - if + 2w) (61 - 1 + w) (w 2 - y 2 )™ 1 (26j - 2 + w 2 - y 2 ) 1 "" 1 
x (^-l-r/) 1 -" 2 (w-l + yf 2 
fmf/i ni, n2 E N), 

n. 2 1 -™! (w 2 - if + 2w) (a; 2 - if) ni (26i - 2 + a; 2 - y 2 )™ 1 
x ( w - 1 - y) 1- ™ 2 (w-l + yf 2 , 
(rot/i ni, n2 E N), 

o. b\ — if , and 

p. 2bi +uj 2 - rf - 1. 

Theorem 2.5 VFe itse the notation in \2.1\ Then, under assumptions \2.2\ 
and\2.4\ the polynomial 



P(x 2 , y 2 ) = (y 2 + 1) (y 2 + C (x 2 )) (y 4 + (l + C (x 2 )) y 2 + B (x 2 )) 

is positive but is not a sum of three squares in R(x,y). 

Corollary 2.6 VFe itse i/ie notation in \2.1[ Under Assumptions \2. 21 iff), 
cj, and p are algebraically independant over Q, then the polynomial 

P(x 2 , y 2 ) = (y 2 + 1) (y 2 + C (x 2 )) (y 4 + (l + C (x 2 )) y 2 + B (x 2 )) 

is positive but is not a sum of three squares in R(x,y). 

Corollary 2.7 Consider the two polynomials 

. . 2 14063 196743825 , , 27835 

S(x) := x H x H and C(x) := 2x H . 

v 7 22 1936 v ' 22 

TTien the positive polynomial 

P(x 2 ,y 2 ) := (y 2 + l) (y 2 + C (x 2 )) (y 4 + (l + C (x 2 )) y 2 + B (x 2 )) E Q(x, y) 
is not a sum of three squares in R(x,y). 

Proof. Apply Theorem l2~5l with 77 := 23 lu := 34 and y := 547. □ 

In [Pfi67] , Pfister showed the product of two sums of 2 n squares is a sum 
of 2 n squares. In general a product of two sums of three squares is not a 
sum of three squares. Looking for antineutral torsion points we can give 
examples of products of four sums of three squares in R(x, y) that are a sum 
of three squares of polynomials. 

Proposition 2.8 Let a, (3, and^f E R(x) be three rational fractions. Denote 
a := 1 + a 2 (l + /5 2 )(1 + j 2 ), b := 1 + a 2 (l + /? 2 ) 2 (1 + 7 2 ) and 
c:= l + a 2 (l + /3 2 )(l+ 7 2 ) 2 . 
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Then the polynomial P(x, y) := (y 2 + l)(y 2 + a)(y 2 + b)(y 2 + c) is a sum 
of three squares in M(x,y): 



2 

2 



P{x,y) = ( (a " 1} y +Q) + a/?7((l ~ h)v + P + 7)(j/ 2 + 1)) 

+ ^ (a^±a) + a/?7(1 _ ^ _ (/? + 7)y)(j/2 + ^ 

+ ((y 2 + i)(y 2 + a-/? 7 (a-i))) 2 . 

For more details about Proposition 12.81 we refer to subsection 14.41 

3 Sums of three squares and antineutral points. 

3.1 The results of Huisman and Mahe 

Notation 3.1.1 Let £ be the galois group Gal(C(x)/R(x)) = Gal(C/R) and 
a be its nontrivial element. Let 2 be the group of nontrivial sums of 



two squares in R(a;). 

LetV be a geometrically integral, smooth, projective curve overW(x) with 
odd genus. Let V := T> Xjw C(x) be its complexification and p : T>' — ► T> 
be the projection. The galois group S acts naturally on V . This action 
induces an action of £ on the Picard group Pic(V') . 

The projection p induces a morphism p* from Pic(T>) into Pic{T>'). The 
image of p* is contained in the subgroup Pic(2?') s of £ -invariants elements 
of PiciV'). 

Notation 3.1.2 We define a group homomorphism 

5 : Pic{V'f — > ff 1 (E,C(x)(P') X /C(x) x ). 

Letcl(A) G Pic(D') s be the class of a divisor A. Because of the Ti-invariance 
ofcl(A), the divisor A — a* A is the principal divisor associated to a function 
f £ C(x)(V') x . The principal divisor of M.(x)(V) associated to fo~(f) is 0. 
Thus fcr(f) is an element o/M(x) x . The element 5{cl{A)) is chosen as the 
class of f in J H" 1 (S,C(x)(P') x /C(x) x ). 

Lemma 3.1.3 Using the notation in \3.1.1\ and \3.1J^ the following is an 
exact sequence: 

Pic(V) PiciV')' 2 C{x)(V') x /C(x) x ) 0. 

Remark. The map 5 is a coboundary map; it can be denned by looking at 
the long exact sequence associated to the short exact sequence : 

C{x)(V') x /C(x) x Div(P') Pic(P') 0. 
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Notation 3.1.4 We use the notation of Lemma \3.1.3[ The map 

1 + cr: C(x)(T>') — * M(x)(T>) induces a monomorphism 



7] : i7 1 (S,C(x)(I' / ) X /C(x) x ) -^R(x) x /S_ 



(xy 



We denote by w : Pic (T> ) — ► M(x) x / 2 K /,s the restriction of the map 
7]o5 to Pic°(P') S - 

Definition 3.1.5 Let us use the notation in 3.1.4\ An element (3 G Pic°(T>')^ 
is said to be antineutral when w{(3) = —1. 

Proposition 3.1.6 Let P(Y) G M(x)[y] be a squarefree nonconstant monic 
totally positive polynomial of degree divisible by 4. Let V be the hyperelliptic 
curve defined over R(x) by the affine equation z 2 + P(y) = 0. We use the 
notation in \3.1.4\ (relative to V). Then P(Y) is a sum of three squares in 
R(x, Y) if and only if Pic (P') s has an antineutral element. 

Proof. See |HM01j Theorem 6.5. □ 



3.2 An effective version. 

Notation 3.2.1 Let k be a subfield o/M. Let k' be the field k{i). Let a be 
the nontrivial element of the galois group Gal(k' \x)/k{x)) = Gal(k'/k). Let 
Q G k(x)[y] be a monic polynomial such that (y 2 + l)Q(y 2 ) is squarefree. 
Let C be the hyperelliptic curve defined over k(x) by the affine equation 

C:z 2 + {y 2 + l)Q(y 2 ) = 

and let C := C k'{x) be its complexification. 

Let g be the degree of the polynomial Q. We assume that g is odd and 
that the rational fraction d := — Q(— 1) G k(x) is nontrivial. Let C be the 
k(x) -hyperelliptic curve given in coordinates (s,t) by the affine equation 

and let C := C Xk(x) k'(x) be its complexification. The two curves C and C 
have a C(x) -rational point. 

Notation 3.2.2 The map 7 : k'{x)(C) — > k'(x)(C') is an 

isomorphism. Denote by uj the k' '(x)- automorphism a^ 1 0700-0 7 _1 of 
k'(x)(C). It sends s to ^ and t to (— l) g ^qrr • The k' '(x)- automorphism 
oj induces a k' {x)- automorphism uj of C and a k' (x)- automorphism of 
Jac{C'). 



S 



Remark. The curve C has two C(x)-rational Weierstrass points: 
(s,t) = (i, 0) and (s,t) = (— i, 0). The map 7 is obtained by considering 
a map from C' to C that sends (i, 0) to infinity and (— i,0) to (0,0). 



Remark. The degree of the polynomial 4(s — d) 29 Q ( — ( s z4) ) is odd. 



Thus Mumford representation can be used to compute in the group Jac(C')(C(x)) 
(which can be identified to the group Pic°(C')). 

Remark. The notion of antineutral point involves an action of £ on 
Pic°(C). This action gives an action of S on Jac(C) ~ Jac(C) which is 
not the action induced by the natural action of E on C x~k(x) k'(x) but is the 
action obtained by considering the natural action of £ on C = C y~k{x) k'(x) 
and by looking at C as a k'(x)/k(x)-form of C. In other words we study the 
action of £ on Jac(C') associated to the the 1-cocycle S — ► Autfc/( a .)(Jac(C)) 
whose value at cj is (see |BLR90j ). 

Lemma 3.2.3 We use notation \3.2.1\ and \3.2.~2\ By linearity we extend ui 
to the group Div°(C r ). 

Let D = div(u,v) 6 Div°(C') be a reduced divisor. Let m be the degree of 
u. We assume that u(0) is nontrivial. Let e be the quotient of the Euclidean 
division of m + 1 = deg s (u) + 1 by 2 and e be its remainder. 

Then the divisor uj(D) + div(s e ) is semi-reduced and uj(D) + div(s e ) = 

^ v (yuIWj s2eu (^~) W ^ ere v denotes the remainder of the Euclidean divi- 
sion of (-1)3 (f) 9+1 v{£) by s 2e u(^). 

Proof. Denote by 00 the unique point at infinity of C Denote by Vq the 
point (0,0). The point Vq does not belong to Supp(D). Write D as D = 

n(Pi J — moo where Vi is a point of C (notice that m = rtj deg('Pj)). 

i=i / i=i 
The divisor uj(D) + div(s e ) is semi-reduced because oo(D) is equal to 

(^niu{Vi)^ -mV = ^^£(7?;)^ -moo - div(s e ) + (1 - e) (V - 00) . 

Let p s : C — ► ^k'(x) ^ e ^ ne projection associated to the s-coordinate. 
By definition of Mumford's representation, p s (D) is the principal divisor 
associated to the function u. 

Let u> ■ Pfc^,,.) — * ^\'(x) ^ e ^ ne mor phism associated to the k'(x)- 
automorphism of k'(x)(s) that sends s on ^. We know that p s ouj = u op s 
(look at the associated equality on the associated function fields). By lin- 
earity this equality is still valid for divisors: we have p s (ui(D) = oj(jp s (D)). 
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In particular Mumford's representation of u>(D) + div(s e ) is of the form 

(yu{U) s2eu (ir) ' w ) ^ or some polynomial w G k'(x)[y\. 

The function t — v vanishes at all elements of the support of D that are 
distinct from oo. Since u o div = div o uj and since 2e = m + l — e<g + l, 
this implies that (-l)9§£u(t - v) = ft - (-1)9 (^) g+1 vanishes at 

elements of the support of u>(D) + div(s e ). In particular the remainder v of 
the Euclidean division of u(^) by s 2e u(^-) is such that £ — u 

vanishes all elements of the support of u)(D) + div(s e ). 

To check that (^gy^ 2 ^ (4~) >^J satisfies the definition of Mumford's 
representation for uj(D) + div(s e ), we only need to prove the divisibility of 
v 2 + l [s-d) 2 9Q {- (j$f\ by ^s 2e u ) . This relation of divisibility is 
obtained by applying to to the relation of divisibility of 

Proposition 3.2.4 We use the notation ^. l.J\ and \3.2.1\ and \3.2.2\ Denote 
by a*c (respectively a^) the action of a on Jac(C) (or Div°(C')) induced by 
the natural action of a onC = C x k r x -\ k'(x) (respectively C = C x k ^ k'(x) ). 
Put t := a o uj. Let (3 =< u,v > be a C(x) -point of Jac(C) such that 
■u(O) ^ 0. Denote by v the unique polynomial of degree less than or equal to 
deg(u) such that i>(0) = and v = v mod u. 

1. The point (3 is invariant under a+c if an d only if one of the two fol- 
lowing conditions holds 

(a) either deg s (u) is even, s degs ^r(u) = a(u(0))u(s) and the re- 
mainder of the Euclidean division of — t(v) by u is v, 

(b) or the degree of u is g and (f t(v) = v and a(u(0))(f — v 2 ) = 
su(s)s 9 t(u(s)). 

2. If (3 is invariant under o+c an d the degree of u is strictly less than g, 
then w((3) is trivial. 

3. If (3 is invariant under a±c o,nd the degree of u is g, then (3 is antineu- 
tral if and only if u(0) is a sum of two squares in R(x). 

Moreover if [3 is antineutral, then —d 9-1 = u(0)hr(h) where h denotes 
the function 

Proof. Let D be the semi-reduced divisor div(u,v). The point (3 is invari- 
ant under o±c if and only if the divisors D and <r*c(-D) = o^O^C-D)) are 
linearly equivalent. To study the invariance of (3 under a^c, we use Cantor's 
algorithm (see |Can87j ). 
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Let e be the quotient of the Euclidean division of deg s (u) + 1 by 2 and 
e be its remainder. Following Lemma 13.2.31 the Mumford's representation 

of a^(uo{D)) + div(s e ) is (^ a (u(o)) g2e<7 ( M ) (^r) >^J wnere v denotes the re- 
mainder of the Euclidean division of — (| = — (f) 9+lr (^) by 
s 2e a{u){^j) = s 2e r(u) (the number g is odd: see notation 13.2 . 1 . 

Case 1: if the degree of u is strictly less than g. Then the divisor 
a^{uj{D)) + div(s e ) has weight less than or equal to g. In particu- 
lar it is reduced. This means that it can be linearly equivalent to D 
only when it is equal to D. In that case the degree of u is even (notice 
that the degree of s 2e a(u)(^-) is even). 

If (5 is invariant under a+c then D — a^(uj(D)) = div(s e ) and thus 
w{[5) is trivial. 

Case 2: if the degree of u is equal to g. Denote by D the reduced di- 
visor div ( , w ) where w denotes the remainder of the Euclidean 

division of —v by (notice that its degree is g). Applying Cantor's 

Algorithm we get that dxv(su(s),v) = D — div ^ *u(s) J • 

The divisor a^(uj(D)) — D is equal to 

div (^Ro)T sdeg(M)cJ ( u ) (t) >v) ~ div(s e " 1 ) - div(su(s),v) 
= l^s^aiu) (£ ) ,«) - D + div (^) 

where v is the remainder of the Euclidean division of — (t(v)(—) 
by s des ^a(u). In particular a^(u>(D)) — D is principal if and only if 

the two reduced divisors div C^^ s des ^a(u) \ >v) an d 

equal. 

When ct(w(0))(/ — v 2 ) = su(s)s 9 t(u(s)), applying r we show that 
v = w holds if and only if (f) 3+1 ' r (^) = «• As a consequence /3 is 
invariant under a+c if and only if <r(u(0))(/ — w 2 ) = su(s)s s r(w(s)) 
and (f) 9+1 r(t;) =v. 

If /3 is invariant under a*c 

then (j(«(0)) = ?^hj^M belongs to 



= div ( to ) are equal 



(x) (it is r-invariant hence cr-invariant) and a+c(D)—D = div ' 

i that case, since a(u(0)) 
is the class of — u(0). □ 



In that case, since <r(u(0)) ( ^jy J r f ) = -1, the image ro(/3) 
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4 How to find antineutral torsion points. 



4.1 The 2-primary torsion. 

The following Proposition helps us to restrict our study of the existence 
of an antineutral torsion point to the search of an antineutral 2-primary 
torsion point. 

Proposition 4.1.1 We use the notation of Proposition VJ.l.bX Then 
Pic°(D') E has an antineutral torsion element if and only if Pic (V)^ has 
an antineutral 2-primary torsion element. 

Proof. Assume the existence of an antineutral torsion element D. The 
order of D is 2 n m with m G N odd and n G N. The morphism r\ o 5 
takes values in the exponent 2 group ^( x ) x / 2_$t(x)- Thus the image of a 



double under rj o 5 is trivial. The integer m being odd, D and mD have the 
same image under rj o 8. As a consequence, the 2 n -torsion point mD is an 
antineutral point. □ 

4.2 A morphism characterizing doubles in the rational points 
group of some jacobian varieties. 

Notation 4.2.1 Let K be a characteristic field and K be an algebraic 
closure of K. Let 7i be a hyperelliptic curve defined over K by an affine 
equation TL : y 2 = f(x) where f{x) is a monic separable polynomial of odd 
degree. 

Let g be the genus of TL. The polynomial f(x) has degree 2g + 1. Let 
&ii • ■ • 5 023+1 be the roots of / in K. Denote by oo the point at infinity of 
the curve TL and by Pi the point (a«, 0). Let W := {Pi, • • • , P2 9 +i, oo} be 
the set of Weierstrass points of Ti. Denote by Div^(W) the set 

{D G Div(W)|deg(D) = and Supp^D) r\W = $}. 

Denote by L the algebra K[T]/(f(T)). The class of a polynomial 
w G if [T] in L x /L x2 is denoted by [it]. Denote by 4>n the morphism 

<Ah: Div^(W) — > L x /£ x2 



- deg(Qj)oo) 



In terms of Mumford's representation, the map (f)ji sends a semi-reduced 
divisor div(u, v) (with u monic as usual) to the class [(— l) deg ^u(T)^ . 



Proposition 4.2.2 We use the notation \^.2.1\ Then ^ induces a mor- 
phism ir-ft : Jac(TC)(K) — > L x /L x2 with kernel 2Jac{TL){K) and with image 



contained in the kernel of the norm map N L / K : L x /L x2 — > K x /K x2 . 
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Proof. See |Sch95| Theorems 1.1 and 1.2. □ 



To use Proposition 14.2.21 in next sections we recall the following characteri- 
zation of the squares in a quadratic extension. 

Proposition 4.2.3 Let ko be a field of characteristic different from 2. Let 
5 be an element of ko which is not a square in ko. Denote by k the quadratic 
extension k := kQ[U]/(U 2 — 5). 

1. Let a and (3 be two elements of ko. We assume that a is nontrivial. 
Then all + (3 is a square in k if and only if there exists 7, rj £ ko such 
that N k/ko (aU + (3) = -y 2 and ^l = n 2 . 

2. Let (3 be an element of ko- Then (3 is a square in k if and only if (3 or 
8(3 is a square in k$. 

4.3 A family of jacobian varieties without antineutral torsion 
point. 

Notation 4.3.1 Let B and C be two elements of IR(x). We consider the 
polynomial P(x, y 2 ) := (y 2 + l)(y 2 + C)(y 4 + (l + C)y 2 + B) which is assumed 
to be squarefree. Let C be the hyperelliptic curve defined over M.(x) by the 
affme equation C : z 2 + P(x, y 2 ) = 0. 

Notation 4.3.2 We use the notation of Proposition 13.2.41 relative to the 
curve C. In particular we introduce d := (1 — C)(B — C) and the three 
polynomials g 1 (s) := -( s + d )_+( s ~ d ) = S; ^ 2 ( s ) := -(s+d)^+C(s-d) &nd 

/ x ._ (s+d)4-(l+C)(s+d)Z(s-df+B(s-d)* 

y3\ b ) ■— B-C 

The curve C := C X-^r x ) C(x) is birationally equivalent to the curve 

C := C Xjw C(x) with C the hyperelliptic curve defined over M(x) by the 

affme equation C : t 2 = gi(s)g2{s)g3(s). 

We denote by a be the complex conjugation and by r the involution 

r: C(x)(C) — ► C(x)(C) 

a( s )t + b(s) ^ _ ff ( )(£)§ +0 -(6)(£). 

The involution r is the same as the involution r used in Proposition 13. 2. 41 
For every index i = 1,2,3, let k{ be the algebra C(x)[T]/(gj(T)). De- 
note by 7T£ : Jac(C)(C(x)) — ► k?/k* 2 x A; 2 /A: 2 x2 x k 3 /k^ 2 the morphism 
defined by applying Proposition 14.2.21 to the curve C and denote by : 

Jac(C)(C(x)) — > ki/kf 2 its i-th coordinate. If a corresponds to the linear 
equivalence class of a semi-reduced divisor div(it, v) with u coprime to gi, 
then TT 5i {a) is the class in ki/kf 2 of (-l) dc ^u{T). 
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Proposition 4.3.3 We use the notation \4-3.1 and \4-3.S\ We assume B, C 
and (1 + C) 2 — 4B are not squares in C(x). 

Then the 2-torsion elements of Jac\C\ (C(x)) are the neutral element 
and the three points < gi,0 >, < g 2 ,0 > and < gig 2 ,0 > • 

Proof. The hypotheses imply that the three polynomials gx, g 2 and gj, are 
irreducible (for a detailed proof see [Mah06j). This is sufficient since the 
2-torsion points are the points < u, > with u a divisor of degree less than 
the genus g of / (see [Mum84| ). □ 



Proposition 4.3.4 We use the notation \4-3. 1\ and \4-3.ty We assume B, C 
and (1 + C) 2 — 4B are not squares in C(x). 

If < 5i,0 > is a double in Jac (c^j (C (x)) , then either (B — C) £ C(x) x2 

orC(B-C) eC(x) x2 . 

Proof. The image of an element of 2Jac (CJ (C(x)) by tt^ 2 is trivial. In 



particular, if < 51,0 > is a double in Jac [Cj (C (x)) then the class of — T 
in &2 is a square. 

Denote by L 2 the field C {x )[U)/( U 2 - AC (B-C) 2 ) (this is a field since C is 
not a square in C(x)). The morphism <^ 2 : L2 — > k 2 

U 1 — > T+(1 + C)(B -C). 
is an isomorphism. As a consequence, if the class of —T in k 2 is a square, 
then the class of — U + (1 + C)(B — C) in L 2 is a square. 

The field L 2 is a quadratic extension of C(x). We apply Proposition 
14.2.31 the class of —U + (1 + C) (B — C) in L 2 is a square if and only if either 
(B — C) or C(B — C) is a square in C(x). □ 



Proposition 4.3.5 We use the notation \4-3.1 and \4-3.2 . Denote by a*c the 



action of a on Jac(C) induced by the natural action of a on 
C = C x R{x) C(x). 

Then the point < s — d, 8d 3 > is a 8-torsion element of Jac (c^J (C (x)). 

Its double is not a+c -invariant but [4] < s — d, 8d s > is equal to < gig 2 ,0 >■ 

Proof. The equality [4] < s — d, 8d 3 >=< gig 2l > can be checked by using 
Cantor's algorithm for addition in Jac (c^J (C(x)). From this equality we 
deduce that < s — d, 8d 3 > is a 8-torsion point. 

The remainder of the Euclidean division of — ^r(l6d 2 s — 8d 3 ) = 8^- — 16s 3 
by (s — d) 2 is — {l&d 2 s — 8d 3 ). It is different from lQd 2 s — 8d 3 . Following 
Proposition the point [2] < s - d,8d 3 >=< (s - d) 2 , 16d 2 s - 8d 3 > is 
not <7*e-i nv ariant. □ 
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Proposition 4.3.6 Let B and C be two elements of R(x). Let C be the 
hyperelliptic curve defined on R(x) by the affine equation 

z 2 + (y 2 + l)(y 2 + C)(y 4 + (1 + C)y 2 + B) = 0. 

We assume that B, C, C{B-C), B-C, (B-C)(l-C) and {l+C) 2 -AB are 
not squares in C(x). Then the 2-primary torsion subgroup of Jac(C)(C(x)) 
is finite. 

Proof. Since C, 1 - C, B - C, B ans (1 + C) 2 - AB are different from 0, the 
polynomial P(x,y 2 ) := (y 2 + l)(y 2 + C)(y 4 + (1 + C)y 2 + B) is squarefree. 
We use the notation 14.3.21 

Following Propositions 14.3.31 and 14.3.51 the group Jac (c^J (C (x)) [2] is 

generated by < g\, > and < gig 2 , >= [4] < s — d,8d 3 >. If T is a 

4-torsion element of Jac (c^J (C (x)), then 

2T = ni < 51,0 > +n 2 < gi§2,0 >= n\ < gi,0 > +4n 2 < s - d, 8d 3 > 

with ni, ri2 G {0, 1}. If m = 1, then < g\, > is a double in Jac (^C^j (C (x)). 

Since this is not the case (see Proposition I4.3.4| ). the integer n\ is equal to 
and thus 2T is a multiple of [4] < s — d, 8(i 3 > . In particular T is the sum of a 
2-torsion point and a multiple of [2] < s — d, 8d 3 >. In the same way, we can 

prove that Jac (c^J (C (x)) [2] is generated by < g%, > and < s — d, 8d 3 >. 

Let T be a 16-torsion element of Jac (^j (C(x)). The point 2T be- 
ing an 8-torsion point, there exists two integers m, ni £ N such that 
2T = n\ < gi,0 > +n2 < s — d,8d 3 >. Applying to this equality 
gives 1 ~ d eni d n2 . By hypothesis this equivalence is possible only if n2 is 
even i.e. only if 2T is a 4-torsion point. In that case T is an 8-torsion point. 

The 16-torsion subgroup of Jac (^j (C (x)) being equal to the 8-torsion 
subgroup, the 2-primary torsion subgroup is equal to the 8-torsion subgroup. 
Thus the 2-primary torsion subgroup is finite. □ 

Theorem 4.3.7 Let B and C be two elements ofM(x). Let C be the hyper- 
elliptic curve defined on R(x) by the affine equation 

z 2 + (y 2 + l)(y 2 + C)(y 4 + (1 + C)y 2 + B) = 0. 

We assume thatB, C, C(B-C), B-C, (l-C)(B-C) and (1+C) 2 — 4£> are 
not squares in C(x). Then Jac{C)(M.{x)) has no antineutral torsion point. 

Proof. Denote by o*c the action of a on Jac(C) induced by the natural 
action of a on C = C x R ( x ) C(x). We use the notation 14.3.21 As in the proof 
of Proposition \MM the polynomial (y 2 + l)(y 2 + C)(y 4 + (1 + C)y 2 + B) 



15 



is squarefree and the 4-torsion subgroup of Jac [CJ (C (x)) is generated by 

< gi,0 > and < (s - d) 2 , 16d 2 s - 8d 3 > . 

Prom Proposition 14.3.51 the point < (s — d) 2 , lQd 2 s — 8d 3 > is not 
cr*C-invariant, but using Proposition 13.2.41 we can check the cr^c-invariance 
of the points < #i(s),0 > and < g 2 , >= [2] < (s - d) 2 , \M 2 s - 8d 3 >. If a 
4-torsion point n\ < g\,0 > +n 2 < (s — d) 2 ,16d 2 s — 8d 3 > is 
cx^C-invariant, then n 2 < (s — d) 2 , 16<i 2 s — 8d 3 > is <7*c-i nvar ia n t i-e. n 2 
is even. As a consequence, the 4-torsion subgroup of Jac ( C ) (C (x))°* c (the 



group of ove-i nvar ia n t elements of Jac ( C J (C (x))) is equal to the 2-torsion 



subgroup and thus to the 2-primary torsion subgroup of Jac ( C J (C (x)) a * c . 



In particular the 2-primary torsion of Jac yCJ (C(x)) <J * c is generated by 
< gi , > and < g 2 , > . 

The degrees of g\ and g 2 are strictly less than 3. Following Proposition 



13.2.41 (more precisely the assertion 2.), the jacobian variety Jac yOJ (C (x)) 
has no antineutral (2-primary) torsion point. □ 

4.4 Proposition 12.8b the heuristic. 

We use the notation of Proposition 12.81 and Proposition 13.2.41 

* we denote by C the hyperelliptic curve defined over R(x) by the affine 
equation z 2 + P(x, y) = 0; 

* wenoted=(l-a)(l-6)(l-c); 

* For each a £ C(x) we consider the polynomial 

g a {s) := s 2 + 2d\^s + d 2 - 
1 — a 

* we denote by C the hyperelliptic curve defined over R(x) by the affine 
equation t 2 = sg a (s)g b (s)g c (s). 

The 2-torsion elements of Jac(C)(C(x)) = Jac(C)(C(x)) are the point with 
Mumford representation < u, > where u £ C(x)[y] is a monic divisor of 
sg a (s)g b (s)g c (s). 

Using Proposition 14.2.21 and Proposition 14.2.31 we show the point 
< g a (s),0 > is a double if and only if the three following assumptions are 
satisfied: 








1. either (b — a)(c — a) £ C(x) 



x2 



or a(b — a)(c — a) £ C(x) 



2. either (b - a) (1 - a) £ C(x) 



x2 



or b(b- a){l - a) £ C(x) 



x2 



3. either (c — a)(l — a) £ C(x) 



x2 



or c(c — a)(l — a) £ C(x) 



x2 
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Assume the existence of /?, 7 £ C(x) such that (6 — a) = /3 2 (1 — a) and 
(c — a) = 7 2 (1 — a). Then < g a (s),0 > is the double of < u, ?; > with 

* . = (Pl(s-d) 2 +{\+P+l)9a)(s-d) 

(l+/3)(l+7) 

* _ ._ (l-a) 2 (9a+Wl+P+l)(s-d) 2 ) 
1 ■— 2d 

* v the remainder of the euclidean division of qg a by u. 

From Proposition 13.2.41 we get conditions on a,b,c under which < u, v > is 
antineutral. Those conditions are satisfied under the assumptions of Propo- 
sition EH 

Moreover, under the hypotheses of Proposition [2?8l the evaluation u(0) = 
—d 3 is a square in R(x) and Proposition 13.2.41 gives a way to write —1 as a 
sum of two squares in R(x)(C) i.e. a way to write P(x, y) as a sum of three 
squares in R(z, y) (in fact P(x, y) is a sum of two squares in R(x, y) if and 
only if —1 is a sum of two squares in R(x)(C); for an explicit version of this 
equivalence see |Lam73| ). 

5 Symplifying some Mordell- Weil's ranks compu- 
tations. 

5.1 An application of Lang-Neron theorem. 

Theorem 5.1.1 (Lang, Neron) Let k be a field. Let F be the function 
field of a variety defined over k. Let A be an abelian variety defined over 
F. We assume that no abelian subvariety B of A can be obtained by scalar 
extension from an abelian variety defined over k and of dimension at least 
1. Then the abelian group A(F) is finitely generated. 

Proof. See |Lan97j Page 27 Theorem 4.2. □ 

Corollary 5.1.2 Let B and C be two elements ofM(x). Let C be the hyper- 
elliptic curve defined over M(x) by the affine equation 

z 2 + (y 2 + l)(y 2 + C(x 2 ))(y 4 + (1 + C(x 2 ))y 2 + B(x 2 )) = 0. 

Assume the polynomials B(x 2 ), C{x 2 ), B(x 2 )-C(x 2 ), C(x 2 ){B(x 2 )-C{x 2 )), 
(B(x 2 ) - C{x 2 )){l - C{x 2 )) and (1 + C(x 2 )) 2 - 4B(x 2 ) are not squares in 
C(x). Then the abelian group Jac(C)(C(x)) is finitely generated. 

Proof. No abelian subvariety A of Jac(C) of dimension at least 1 can be 
defined by scalar extension from an abelian variety defined over C. In fact, 
if such a variety did exist, then the order of the 2-primary torsion subgroup 
of A(C) would be infinite (since C is algebraically closed) and we would have 
a contradiction with Corollary 14.3.61 Thus the hypotheses of Theorem 15.1.11 
are satisfied. □ 
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5.2 Involutions and Mordell- Weil's ranks. 

Lemma 5.2.1 Let K be a field. Let F be a function field over K (i.e. a 
finite extension of K(a) for some transcendent element a £ F). Then the 
order of the A-torsion of Pic°(F) is finite. 

Proof. By definition the field F is the function field of some smooth pro- 
jective curve T> defined over K. There is an injection Pic°(F) to Jac(£>)(K). 
Lemma 15.2.11 follows from the finiteness of the order of Jac(P)(if)[4]. □ 

Notation 5.2.2 We use the definition and notation of [StiS&jl. Let F be 
a function field with full constant field k and let F<i be a finite extension 
of F with full constant field k<i- If p is a place of F/k, let Cn F , 2 / F (p) be 

the divisor ^^e('P|p)'P £ Div^z/kz). By linearity we get a homomorphism 
V\p 

Cnp 2 /p : Div°(F/k) — > ZW^i^/fo). The homomorphism Cnp 2 jp induces 
a group homomorphism CNp 2 / F from the quotient Pic (F/k) to Pic (i^/fo)- 
// p is an automorphism of a field F we denote by F p the subfield of 
p-invariant elements of F. 

Proposition 5.2.3 Let k be a characteristic field. Let P(T) G k[T] be 
a polynomial and H be the hyperelliptic curve defined over k by the affine 
equation z 2 + P(y) = 0. Let i : k(TL) — ► k(TL) be the hyperelliptic involution 
and p : k(Ti) — > k(H.) be an involution distinct from the identity map and 
from l. Assume the commutativity of i and p. 

Then the homomorphism ip := + o (CN k (- H y k (j i yo P x CN k (^y k ^y) has 
a finite kernel and its image contains 2Pic°(k(H)/k). 

Proof. 

Step 1. Let p be a place of k(H) p /kP. The extension k(H)/k(H) p is a 
degree 2 Galois extension with Galois group {Id,/?}. Thus: 

1. for every place V of k(7i)/k above p the ramification indexes 
e(V\p) and e(p(V)\p) are equal (see |Sti93j Corollary III.7.2); 

2. p induces a bijection from the set of places of k(TL)/k above p 
into itself. 

In particular Cn k (^y k (^y(p) is p-invariant. Since this is true for ev- 
ery place p, we deduce from the linearity of Cn k ^y k ^ P that every 
element of the image of Cn k ^y k ^y is p-invariant. 

Step 2. if F/k is a function field and / is an element of F, we denote by 
dW F / k (f) the principal divisor associated to /. 
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Let D be a divisor of k(7i) p /k p whose linear equivalence class lies 
in Ker (CN k ^y k ^y). The divisor Cn k my k niy(D) is the princi- 
pal divisor div k(H)/k(f) associated to some function / £ k(7i). Fol- 
lowing Step 1 the divisor Cn k ( H yk(H)p( D ) + p(Cn k ( H y k ( H y(D)) = 
div fc ( W )/fc(/p(/)) is equal to Cn k( n)/k(H)p( 2D )- The function fp(f) 
belongs to k(Tt) p ; the divisor div k ^y k (f p(f)) is the image under 
Cnk(H)/k(H)p of the principal divisor dw k{n y /kP (f p(f)). The map 
C^fc(H)/fc(H)p being injective, the divisors 2D and dw k ( H y /kP (f p(f)) 
are equal. 

In the same way we prove that the kernel of CN k ^y k ^y op is included 
in the 2-torsion of Pic (k(HY° p /k LOp ). 

Step 3. Let (a p ,a Lop ) be an element of Ker(<p). Then the divisor 
CN k ^ H y k ^ H yo P (a li0 p) = -CN k ( H y k (j i y(a p ) is both p-invariant and 
l o p-invariant (see Step 1). In particular CN k ( H y k ( H yo P (a Lop ) is 
t-invariant i.e. it is a 2-torsion element of Pic°(k(7i)/k). Hence the 
orders of a p and a Lop are at most 4 (see Step 2). We apply Lemma 
15. 2. It there are only finitely many choices for o.p and o^op- 

Step 4. Let V be a place of k(H)/k. Denote the place V n k{H) iop by p. 
The places of k(7i)/k above p are V and i o piV). 

1. If V and LopiV) are distinct then and LopiV) are not ramified; 
in that case V + i o p('P) is equal to Cn k ^y k ^yo P (V); 

2. If P = i o p(P) then V + lo p{V) is equal to 

2V = e(V\p)f(V\p)V = Cn m)/m y ap (f(V\p)V) 
(where fiV\p) denotes the residual degree of V above p). 

In both cases V '+ lo piV) is in the image of Cn k (^y k (T-iyo P . In the same 
way we show that V+p(V) is in the image of Cn k ^y k ^y. By linearity 
this implies that the image of <p contains the linear equivalence class 
of each divisor D + p(D) + D + 10 p(D) (where D denotes a degree 
divisor of k(7i)/k). Since the linear equivalence class of D + t(D) is 
trivial for every degree divisor D of k(7i)/k, the image of <p contains 
the double of each element of Pic°(k(7i)/k). □ 

Lemma 5.2.4 Let T> be a smooth projective geometrically integral curve 
defined over R(x). Assume that T> has a C(x)-point. Then the following 
inclusions hold 

2Jac(V)(R(x)) C Pic°{R(x)(V)) C Jac(V){R(x)). 
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Proof. Let T>' := T> x^m C(x) be the complexified of T>. Denote by £ the 
Galois group Gal(C(x)/R(x)) = Gal(C/M). Following Lemma l3.1.3l we have 
an exact sequence 

Pic(R(x)(D)) Pic(C(a;)(P')) S — ^ ^(S, C(x)(V)* /C(x) x ) 0. 

Using p* we identify Pic(R(x)(£>)) with a subgroup of Pic(C(»(£>')) E - The 
exponent of ^(E, C(x)(£>') x /C(x) x ) is 2. Thus ker(£) = Pic(M(x)(2?)) 
contains 2Pic(C(x)(P')) S - To conclude we notice that Jac(2?)(M(ic)) = 
Pic°(C(x)(P')) E - □ 

Proposition 5.2.5 Let P(T) £ M(x)[T] be a polynomial and C be the hy- 

perelliptic curve defined over R(sc) by the affine equation z 2 + P(y 2 ) = 0. 
Assume that C has a C(x)-rational point and that Jac(C)(R(x)) is finitely 
generated. Consider the two following M(x) -hyperelliptic curves 

C + :t 2 + sP(s) = and C~ : (3 2 + P{a) = 0. 

Then the Mordell-Weil rank of Jac(C)(M(x)) is the sum of Mordell-Weil 
ranks of Jac(C + )(R(x)) and Jac(C~)(R(x)). 

Proof. Consider the two involutions 

i: R(i)(C) — ► R(x)(C) and/): R(x)(C) — ► R(x)(C) . 
A(y,z) ■— ► A(j/,-z) A(y,z) .— > A(-y,z) 

The map i is the hyperelliptic involution. Consider the two morphisms 

</> + : R(x)(C+) — ► R(x)(C) and <jT : R(x)(C~) — ► R(x)(C) . 
A(s,t) .— » A(y 2 ,yz) A(s,t) .— > ^% 2 ,^) 

Since to po(f> + and (^> + are equal, the image of 4> + is a subfield of R(x)(C) top . 
Moreover R(x)(C) is a degree 2 extension of Im((p + ). Thus the image of <p + 
is R(x)(C) top . In the same way, we prove that the image of <f>~ is M(x)(C) p . 
Proposition 15.2.31 asserts the existence of a group homomorphism 

ip : Pic°(R(x)(C + )) x Pic (M(s)(C _ )) — ► Pic°(R(a?)(C)) 

with finite kernel and whose image contains 2Pic°(R(x)(C)). From Lemma 
15.2.41 we deduce the following inclusions: 

* 2Jac(C)(R(x)) C Pic°(R(x)(C)) C Jac(C)(R(x)), 

* 2Jac(C+)(R(x)) C Pic°(R(x)(C+)) C Jac(C+)(R(x)) and 

* 2Jac(C~)(R(x)) C Pic°(M(x)(C-)) C Jac((T)(R(x)). 
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In particular the map (f induces a group homomorphism from 
2Jac(C + )(M(x)) x 2Jac(C~)(R(x)) into Jac(C)(R(x)) with finite kernel and 
whose image contains 8Jac(C)(R(x)). Hence the Mordell-Weil rank of 
Jac(C)(R(x)) is the sum of Mordell-Weil ranks of Jac(C+)(M(x)) 
and Jac(C _ )(R(x)). □ 

Proposition 5.2.6 Let k be a characteristic field and f(x,y) € k{x)[y\ be 
a polynomial of odd degree in y. Denote by C the hyperelliptic curve defined 
over k{x) by the affine equation z 2 = f(x 2 ,y). For each 5 E k(x) x denote by 
Cs the k(x) -hyperelliptic curve given by the affine equation 
t 2 = 6 des vWf(x,l). 

Then the Mordell-Weil rank of Jac(C)(k(x)) is the sum of Mordell-Weil 
ranks of Jac{C\){k{x)) and Jac(C x )(k(x)). 

Proof. Since the degree of / in y is odd, the curve C and all the curves Cs 
have a fc(rr)-rational point at infinity. In particular Jac(C)(fc(x)) is isomor- 
phic to Pic°(/c(x)(C)) and J&c(Cs)(k(x)) is isomorphic to Pic°(k(x)(Cs)). 

Let i be the hyperelliptic involution and p be the involution of k{x){C) 
that preserves k, y and z, and sends x on — x. As in the proof of Proposition 
15.2.51 we prove that the maps 

01 : k(x)(d) — > k{x){CY and^: k(x)(C x ) — ► k(x)(Cy°(> 
A(x,s,t) .— ► A(x 2 ,y,z) A{x,s,t) i— > A (x 2 , x 2 y, x deg y 

are isomorphisms. To prove Proposition 15.2.61 we apply Proposition 15.2.31 
the isomorphism <f>\ (respectively 4> x ) helps us to identify Pic°(k(x)(C) p ) and 
Jac(Ci)0(x)) (respectively Pic (k(x)(Cy°P) and Jac(C x )(k(x))). □ 

Proposition 5.2.7 Let B, C 6 be two rational fractions. LetC be the 
hyperelliptic curve defined over M(x) by the affine equation 

z 2 + (y 2 + l)(y 2 + C(x 2 ))(y 4 + (1 + C(x 2 ))y 2 + B(x 2 )) = 0. 

Assume the polynomials B (x 2 ) , C{x 2 ), B(x 2 )-C(x 2 ), C{x 2 ){B(x 2 )-C{x 2 )), 
(B(x 2 ) - C(x 2 ))(l - C(x 2 )) and (1 + C{x 2 )) 2 - 4B(x 2 ) are not squares in 
C(x). For each 5 £ M(x) x we consider the two following M(x) -hyperelliptic 
curves: 

C+ : z 2 = y(y - 5){y - 5C{x))(y 2 - S[l + C{x)]y + 5 2 B{x)) and 

Cg : z 2 = y{y 2 - <5[(1 - C{x)) 2 - 2(B{x) - C(x)))y + 5 2 (B{x) - C{x)) 2 ). 

Then the Mordell-Weil rank of Jac(C)(M(x)) is the sum of Mordell-Weil 
ranks of Jac(Cf){M.(x)), Jac(C+)(R(x)), Jac(C^)(R(x)) and Jac(C~)(R(x)). 

Proof. Consider the following two M(x)-hyperelliptic curves 

H : t 2 + s(s + l)(s + C(x 2 ))(s 2 + (1 + C{x 2 ))s + B(x 2 )) = and 
£ : t 2 + (s + l)(s + C(x 2 ))(s 2 + (1 + C{x 2 ))s + B{x 2 )) = 0. 
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Following Proposition 15.2.51 the Mordell-Weil rank of Jac(C)(M(x)) is the 
sum of Mordell-Weil ranks of Jac(W)(K(x)), Jac(£)(R(x)). 

Using the change of variables given by s = —a and t = j3, we get an 
isomorphism between the curve Ti and the K(x)-hyperelliptic curve 

C+ : (3 2 = a{a - l)(a - C{x 2 )) (a 2 - [1 + C(x 2 )]a + B{x 2 )) . 

Considering the change of variables given by 

/ s := -(1?(* 2 ) - C(x 2 )) [(C(x 2 ) - 1)-^ + 1 



t:= (BW-CtfMl-Ctf))^ 



y 

we get an isomorphism between the curve £ and the M(x)-elliptic curve 
C~ : I3 2 = a {a 2 - [(1 - C{x 2 )) 2 - 2{B(x 2 ) - C{x 2 ))]a + (B(x 2 ) - C{x 2 )) 2 ) 
To conclude we apply Proposition 15.2.61 to C + and then to C~. □ 



5.3 Doing a 2-descent. 
5.3.1 Christie's Lemma. 

Proposition 5.3.1.1 Let ko be a subfield ofC Let f S ko(x)[y] be a square- 
free polynomial of odd degree and C be the hyperelliptic curve defined over 
ko(x) by the affine equation z 2 = f(y). We assume that the 2-primary tor- 
sion of Jac(C)(C(x)) is finite. Then Jac(C)(C(x)) is equal to Jac(C)(K(x)) 
for some finite extension K ofko. 

Proof. For every C(x)-point P of Jac(C) denote by Kp the smallest subfield 
of C containing k$ and such that P is defined over Kp(x). 

If Kp is not a finite extension of ko, then Kp is a finite extension 
of k(t\,--- ,t n ) with ti,-- - ,t n algebraically independant over ko- In that 
case, by specialising ti, ■ ■ ■ ,t n over C, the point P gives uncountably many 
C-points of Jac(C). This is a contradiction because Jac(C)(C(x)) is finitely 
generated (as in the proof of Corollary 15.1.21 apply Theorem I5.1.ip . Thus 
Kp is a finite extension of ko. 

The group Jac(C)(C(x)) is generated by a finite family (Pj)[ =1 (see Corol- 
lary [5J~2]). The smallest subfield K of C containing all the Kp i is a finite 
extension of ko and Jac(C)(if(x)) contains all the points Pj. In particular 
Jac(C)(C(x)) and J&c(C)(K(x)) are equal. □ 



For a better understanding of the field K defined by Proposition 15.3. lTT| 
we use a lemma from Christie (see |Chr76| ): 

Proposition 5.3.1.2 Let T be a finite group and A be a finitely generated 
free abelian group on which V acts. Assume the triviality of the action ofT 
on A/2A. 

Then A has a basis {ai)\ =1 such that r(oj) S {— a«, a«} for every r £ T. 
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Proposition 5.3.1.3 Let k be a subfield o/R. Let f G k(x)[y] be a polyno- 
mial of degree 2g + 1. Let C be the hyperelliptic curve defined over k{x) by 
the affine equation z 2 = f(y). Denote by J the jacobian variety associated 
to C. We assume that 

1. the 2-primary torsion of J(C(x)) is finite and 

2. the action of Gal(C/k) on J(C(x))/2J(C(x)) is trivial. 

For each d £ k x denote by Cd the hyperelliptic curve defined over k(x) by 
the affine equation z 2 = d 2g+1 /(|). 

Then the Mordell-Weil rank of J(M(x)) is if and only if for every 
positive element d G k x the k(x) -Mordell-Weil rank of Jac(Cd) is 0. 

Proof. Since the 2-primary torsion of J(C(x) is finite, Corollary 15 .3, 1 . ll as- 
serts the existence of a finite extension K of k such that J(C(x)) = J(K(x)). 

Assume that the Mordell-Weil rank of J(M.(x)) is different from 0. The 
group r := Gal(iir/A;) is finite. Following Corollary 15,1.21 the group 
A := J(K(x)) I ' J{K(x))tors is a finitely generated free abelian group. This 
means that the hypotheses of Proposition 15.3.1.21 are satisfied. This propo- 
sition gives a basis (en) \ =l of A such that r(aj) G {— «i, cti} for every r G T. 

Let a be the complex conjugation. The field k being a subfield of K, 
the group T = Gal(C//c) contains a. Since r(aj) G {—ai,ai} for every 
r G r, the action of T commutes with a. Thus V acts on the subgroup A a of 
cr-invariants elements of A. The action of V on A/2A is trivial. The group 
A being a free abelian group, the intersection A° T\2A is equal to 2A a . This 
implies the triviality of the action of T on A a /2A° . Hence, the hypotheses 
of Proposition 15.3.1.21 are satisfied and its application to A a and V gives a 
basis (a«)' =1 of A a such that r(aj) G {— Oj,aj} for every r G V. 

Let Pi G J{K(x)) be an element of the class a^. Let m be the exponent of 
J{K(x))tors- The point mPi is fixed by a subgroup Tj of V of index at most 
2. The degree of the field K Vi of elements in K invariants under the action 
of Ti is an extension of k of degree at most 2 i.e. K Vi = k(\fdi) for some 
di G k x . Since the complex conjugation a belongs to Tj, the field k{yfdi) is 
contained in K. In particular <ij is positive. 

If Tj = r, then mPi is an element of J{k(x)) = Jac(Ci)(A;(x)) of infinite 
order. Assume the existence of Tj G V such that Tj(aj) = — aj. Then di is not 
a square in k. The degree of / being odd, the curves C and C& i have a 
rational point above the point at infinity of P . This implies the following 
isomorphims: 

* Jac(C)(K r <(x)) ~Pic°(K r *(x)(C)), 

* J&c(Ci)(k(x)) ~ Pic°(fc(x)(Ci)) and 
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Let i be the hyperelliptic involution. The subfield of Tj-invariants elements 
of K T -{x){C) is k(x)(C). The image of <f> : k(x)(C di ) — ► K T *(x)(C) 

A(s,t) i — ► A(diy,df^/diz) 
is the subfield of i o Tj-invariants elements of K r '(x)(C). Thus, as ImPi is of 
infinite order and belongs to 2Jac(C)(X ri (rc)), Proposition 15.2.51 asserts the 
existence of an element of infinite order in 3ac(Ci)(k(x)) x Jac(Cd i )(k(x)) 
i.e. that the Mordell-Weil rank of either Jac(Ci)(/c(x)) or 3axi{Cd i )(k(x)) is 
at least 1. 

Conversely Assume the existence of d £ k x positive such that 
Jac(Cd)(k(x)) has an infinite order element a. From Proposition 15.2.31 we 
know the existence of a morphism cp : Jac(Q)(/c(x)) — > Jac(C)(k(y/d)(x)) 
of finite kernel. The image <p(a) is an infinite element of Jac(C)(k(y/d)(x)) 
and thus of Jac(C)(R(x)) (notice that k(y/d) C R since d is positive). □ 

5.3.2 A first study of the image of -kq. 

Notation 5.3.2.1 Let A; be a characteristic field. For each monic poly- 
nomial P(y) £ k(x)[y] Denote by Kp the algebra k(x)[y]/(P(y)) and by yp 
the class of y in Kp. 

Notation 5.3.2.2 Let / € be a squarefree monic polynomial of odd 

degree and let C be the hyperelliptic curve defined over k{x) by the affine 
equation C : z 2 = f(y). Let f(y) = JJw(y) be the decomposition of f(y) 

lei 

into monic prime elements of k(x)[y]. For each I £ I we assume that m 
belongs to fe[ar][j/]. Let f'{y) be the usual derivative of f(y). For each I £ I 
denote by T t the class f'(y N ) of f'(y) in K m = k(x)[y]/(m(y)). 

Proposition 5.3.2.3 We use the notation \5.3.2.1\ and 1 5. 3. Qj Let I be an 

element of I. Let div(u,v) £ Div°(C)(k(x)) be a semi-reduced divisor such 
that u is coprime to f. 

Then the finite places of K^ at which it(y w ) has odd valuation are in 
the support Supp K (Ti) of div(T[). 

Notation 5.3.2.4 We use the notation of Proposition 15.3.2.31 Let 

u = JJp" 1 be the decomposition of u into monic prime elements of K^y] 
iel 

(it exists since u is monic). Consider an index i £ L. Denote by K Pi n l the 
field K m [y]/(pi(y)) and by y Pi the class of y in K Pum . 

Lemma 5.3.2.5 We use the notation [5^3~2J[\5.3.23 and \5lT2~4\ Let p be 

a finite place ofK^ such that i>p(pi(y w )) ^ 0. LetV be a place ofK Pi)/Xl above 
p such that v v (Ti) = 0. Let f) be the coefficient of f(y) = f((y - y m ) + y m ) 
relative to the monomial (y — . We assume that v-p{y Pi — y^) ^ 0. 
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Then v v \T t + (y n - y m ) 2 9 + ^ f.^ _ y ^y j ,., ( r < n. 



2g-l 

£ 

i=i 



Proof. By definition of y w , the minimal polynomial of y fll over k(x) is m. 
Since this polynomial belongs to £;[x][y], the element y^ is integral over k[x\. 
Hence v-p(y fll ) is positive or equal to (see [Sti93] Proposition III. 3.1). 

The coefficients fj are polynomials in y w and in some elements of k[x] 
(the coefficients of f(y) relatives to the monomials y r ). Thus v-p(fj) is 
positive or equal to 0. 

Case 1: If vp(y Pi — y w ) > 0. Since v-p(fj) > and v-p{T{) = 0, the trian- 
gle inequality show that 

vv Ui + (y Pi - y^? 9 + E fiivpi ~ v^j = MTi) = o. 

Case 2: If v-p{y Pi — y w ) < 0. Since v-p(fj) > and v-p(Ti) = 0, the trian- 
gle inequality show that 

vv (r t + (y Pi - y^ + £ f 3 (y Pi - y m y\ = v v ((y Pi - y^) 

= 2gvv(y P i-y n )- D 

Lemma 5.3.2.6 We use the notation KyJin\.\5.3.2.& and \5.3.2.J\ Let p be 

a finite place of such that Vp(pi(y fll )) ^ 0. Let V be a place of K PiM 
above p such that vp(T[) = 0. Then the valuation v-p(y Pi — y w ) is even. 



Proof. Assume v-p{y Pi — y^) is different from (if v-p(y Pi — y w ) = 
the result is direct). From our hypotheses we know the coprimality of 
Pi and /. Following the definition of Mumford's representation we have 
f(y) = v(y) 2 mod pi(y). In particular v v (f(y Pi )) is even. Since m(y) di- 
vides f(y), the element /(y w ) is equal to 0. Taylor's formula gives 

f(y Pi ) = (y Pt - V n ) \Ti + (y Pl - y,f 9 + ( £ f 3 { yi - y m Y)j U) 
Lemma 15.3.2.61 is obtained by applying the parity of v-p{f{y Pi )) and of 

25-1 

v v (Ti + (y Pi - y^) 29 + ^2 fjiUpi ~ V^iY) ( see Lemma E3JL5J) to Equa- 

i=l 

tion[U □ 
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Proof of Proposition 15.3.2.31 We use the notation 15,3.2,41 Let p be a 

place of iT w at which has odd valuation. Assume that vp(T|) is equal 

to 0. For each place V of K pu ^ l above p, the valuation v-p(Ti) = e(V\p)vp(Ti) 
is equal to 0. In particular the hypotheses of Lemma [5.3.2.61 are satisfied. 
Following this lemma, for each place V above p, the valuation v-p(y Pi — y w ) is 
even. A classical computation shows that Vp(N^ p ^ /k^ (Upi ~V^i)) 1S equal 

to / (V\p)v-p (y Pi — (see |ZS58| for the Dedekind rings 

V place of K Pi ^ v v\p 

case). Thus vpipiiy^)) is even. This is a contradiction with the choice of p. 
□ 

5.3.3 Our choice for the constant field. 

Proposition 5.3.3.1 Let k be a subfield of R. Let f(y) G M^Hy] be a 
squarefree monic polynomial of odd degree 2g + 1. Denote by C the hyperel- 
liptic curve defined over k{x) by the affine equation z 2 = f(y). We assume 
the existence of 2g elements ex,-- - , e2 S -i, H G k[x] and of a polynomial 

2 5 -l 

fji(y) G fc[x][y] of degree 2 sitc/i that f{y) = fx(y) (y — Hej). Lei us also 
assume that: 

* the discriminant A(/) of f(y) splits into linear factors over k, 

* the discriminant A(fi) of \i is equal to H 2 Q 2 D with D £ fc[x] a po/y- 
nomial of degree 1 and Q G k[x], 

* A(/) = Q 2 Qi with Qi G fc[x] coprime to Q, and 

* D(ot) is a square in k for every root a G k of H. 

Let L be the algebra C(x)[i]/(/(i)). Let vr c : Jac(C)(C(x)) — ► L x /L x2 
6e i/ie morphism defined by Proposition \4-2.2] (and relative Jac(C)(C(x))). 
Then the action of Gal(C/k) on the image of ttc is trivial. 

Lemma 5.3.3.2 We keep the notation and hypotheses of Proposition W.3. 3. 1 1 
We assume that [i is irreducible. Denote by Ku,c the algebra C(x)[y]/(/i(y)) 
and by y^ the class of y in K^ ; £. Denote by s the element ^ 2 hq • 

Then the minimal polynomial of s over C(x) is y 2 — D(x). Thus C[x, s] 
is a unique factorization domain and its fractions field is K^c- 

Lemma 5.3.3.3 We keep the notation and hypotheses of Lemma \ 5. 3. 3. 2\ 
Let a G k be a root of the resultant Re&r(f'(T), fJ>(T)) such that Q(a) ^ 0. 
Let (3 be a prime element of C[x,s] such that c /c(x)(P) = M x ~~ a ) f or 
some constant A G C. 

Then the valuation vp is invariant under the action of Gal(C/k). In 
particular for every semi-reduced divisor div(u,v) G DiiP(C(x)(C)) with u 
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coprime to f and for every a £ Gal(C/k) the valuation vp{u{y il )a{u{y IJ ))) 
is even. 

Proof. Since it belongs to C[x, s], the element (3 can be written as 
j3 = j3\s + Po with /3o, 0i € C[x]. The degree of D is 1 and X(x — a) 
is equal to ^c(x)(s) /C(x){P) = Po ~ 0\D- Thus /3o and /3i are in C and 
(5l = PlD{a). 

2g-l 

The resultant Res T (/'(T), fj,(T)) is equal to A(» J| //(.He;) with 

i=l 

A(//) = H 2 Q 2 D. Hence a is either a root of H or a root of D or a root of 

2g-l 
i=l 

Case 1: if iT(a) / and /i(#e;)(a) = for some i e {1, • ■ ■ , 2# - 1}. 
Applying Taylor's formula to n(T) at Hei we get the equality 

H(T) = (T — Hei) 2 + (T - He l )fi'{He l ) + /i(#e 4 ). 

From this equality we deduce A(^) : it is equal to (fi'(Hei)) 2 — A[i(Hei). 
In particular, since fi(Hei)(a) = 0, we deduce from it that 
(.ff(a)Q(a)) 2 -D(a) = A(^)(a) is a square in k. The element H(a)Q(a) 
being nontrivial, this means that D(a) is a square in k i.e. that g is 
in k. In particular vp is invariant under the action of Gal(C//c). 

Case 2: a is a root of D. Then (3q = is in k and thus vp is invariant 
under the action of Gal(C/fe). 

Case 3: a is a root of H. Then, by hypothesis, D{a) is a square in k 
i.e. belongs to fc, and thus f/j is invariant under the action of 
Gal(C/A:). □ 

Lemma 5.3.3.4 We keep the notation and hypotheses of Lemma 15. 3. 3. 2\ 
Let a £ k be a root of Q and (3 be a prime element of C[x,s] such that 
Nk c /c(x)(0) = M x ~~ a ) f or some constant A G C. 

Let div(u,v) £ Div°(C(x)(C)) be a semi-reduced divisor with u coprime to 
f andleta be an element of Gal(C/k). Then the valuation vp(u(y^)a(u(y^))) 
is even. 

Proof. The polynomial /i admits y^ as a root in K^c and its degree is 2. 
Thus fi is totally split in K^c- Denote by i the unique 
(C(x)-automorphism of K^c = < C(x)(y fJi ) sending y^ on the other root of 

Since f3i((3) = ^c(x,s)/C(x)(P) = ~ a ) the set of prime factors of 
\(x — a) is {(3, Moreover x — a is cr-invariant. Hence the set of prime 

factors of X(x — a) is also {cj~ 1 (/3), a^ 1 o t((3)}. In particular v a - \tp\ is 
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equal to either vp or v L (py When vp = v a -\(a\ the result is straightforward. 
Assume that v a -i {f3) = v l(J3 ) = v b -i^y 

The polynomial f'(Hei) divides Q\ and Q\ is coprime to Q. As a con- 
sequence f'(Hei) is coprime to x — a. Following Proposition 15.3.2.31 this 
implies that the valuation v x ~ a {u(Hei) is even. In particular the valuation 
vp(u(Hei)) = e([3\x — a)v x - a (u(Hei)) is even. 

Denote by K u> ^c the algebra K^ t c[y]/{u(y)). By definition of Mumford's 

2g-l 

representation, f(y) = (y — y^){y — t{y^)) (y — H&i) is a square modulo 

i=l 

2g-l 

u. In particular N Ka ^ c/K)i Jf(y)) = {-l^MvM^)) J[ u{H ei ) is 

i=i 

a square in K^c- In particular its valuation at (3 is even. As vp(u(Hei)) is 
even, we get that v p{u(y ^)u{i{y M )) is even. This is enough to conclude since 
v cr~ 1 (/3) = V i,- 1 (f3)- I n f a °t we have 

v/j(u(i/ M )u(t(v,i)) = M u (.vn)) + v i-m3)(u{y»)) 

= vpiufa)) + v (T -i W {u{y IJ )) 
= v /3 (u(y A1 )o-(u(y At )) □ 

Proof of Proposition 15.3.3.11 For every prime factor p G C(x)[y] of / 
denote by K Pt c the field C(x)[y]/(p(y)) and by y p the class of y in K Pt c- 
Under hypotheses of Proposition 15.3.3.11 the field K P) c is the fraction field 
of a unique factorization domain Pi c ( see Lemma l5,3,3,2p . 

By definition of ttq Proposition 15.3.3.11 is proved if we show that for 
every semi-reduced divisor div(u, v) G Div (C(x)(C)) with u coprime to 
/, for every prime factor p of / and for every a G Gal(C/fe) the class of 
u{y p )a{u(y p )) in K P; c is a square. 

Let div(u,v) G Div°(C(s)(C)) be a semi-reduced divisor with u coprime 
to /, let p be a prime factor of / and let a be an element of Gal(C//c). 
Since every element of C is a square and since O p <z is a unique factorization 
domain we prove Proposition 15.3.3m if we can show that v p{u(y p )a{u(y p ))) 
is even for every prime j3 G P) <c- 

Assume the existence of a prime element (5 G Pi c such that 
vp(u(y p )a(u(y p ))) = vp(u(y p )) +v a -i^y{u(y p )) is odd. Eventually replacing 
(3 by <j~ 1 ((3) we can assume that vp(u(y p )) is odd and that v a ~i^{u(y p )) 
is even. Following Proposition 15.3.2731 the norm Nx pC /c(x)(P) is a divisor of 
N KpC /C(x)(f'(y P )) = ^s T {f'(T),p(T)). In particular N KpC / c{x) {(3) divides 
A(/). Since A(/) splits into linear factors in k[x] the norm Ng c /c(») (/^) i s 
equal to A(x — a) for some A G C x and some a G k. 

Case 1: if the degree of p is 1. Then j3 is equal to Ng c /c( x ){P) i- e - to 
A(x — a). In particular the valuation vp and i> CT (m are equals. This is 
in contradiction with the definition of (3. 
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Case 2: if p = fi is irreducible of degree 2. We apply Lemma 15.3.3.31 
and Lemma 15.3.3. 41 □ 

Corollary 5.3.3.5 We use the notation and hypotheses of Proposition 5.2. 7 
For each 5 £ k(x) consider the two k(x)-hyperelliptic curves: 

Cj : z 2 = y{y - 5)(y - 5C(x))(y 2 - 6[1 + C(x)]y + 5 2 B(x)) and 

Cg : t 2 = s{s 2 - S[(l - C(x)) 2 - 2(B(x) - C(x))]s + 5 2 (B(x) - C(x)) 2 ). 

Let k be a subfield o/R containg the coefficients of B and C. We assume 

* that B(x), C(x), B{x) — C{x) and 1 — C{x) split over k into linear 
factors, 

* that (1 + C(x)) 2 — AB(x) has degree 1 and that its value at is a square 
in the field k, 

* that 1 - C is coprime to x, B, B - C and (1 + C) 2 - 4B. 

Then the M.(x)-Mordell- Weil rank of Jac(Cf), Jac(C^), Jac{C^[) and Jac(C~) 
are trivials if and only if for every positive element £ G k x the k{x)-Mordell- 
Weil ranks of Jac(C~£), Jac(C^ x ), Jac(C^) and Jac(C^ x ) are trivials. 

Proof. Following Proposition l5.2.7l the groups Jac(C^)(C(x)), Jac(C+)(C(x)), 
Ci(C(x)) et C~(C(x)) are finitely generated. In particular their 2-primary 
torsion subgroups are finite. For every 5 the discriminant of 

y 2 + S((l ~ C{x)) 2 - 2(B{x) - C{x)))y + 5 2 (B{x) - C{x)) 2 

is 5 2 (1 - C(x)) 2 ({l + C(x)) 2 - AB{x)) and the discriminant of 

y(y 2 + S((l - C{x)) 2 - 2(B{x) - C{x)))y + 5 2 (B{x) - C(x)) 2 ) 

is 5 6 {B(x)-C{x)) 4 {l-C(x)) 2 ((l+C(x)) 2 -4B(x)). Thus PropositionEXM] 
can be applied to the curves Cj~ and C~ . Using Proposition 15.3.3m we prove 
that the hypotheses for the application of Proposition 15.3.1.31 to the curves 
C{~ and C~ are satisfied. 

In the same way we prove that the hypotheses for the application of 
Proposition 15.3.1.31 to the curves Cf and are satisfied by using Proposi- 
tion [5T3T3TT] and noticing that for every 5 the discriminant of the polynomial 
y 2 - 5(1 + C(x))y + 5 2 B(x) is <5 2 [(1 + C(x)) 2 - 4B(x)} and the discrimi- 
nant of the polynomial y(y — 5)(y — 5C(x))(y 2 — 5(1 + C(x))y + 5 2 B(x)) is 
5 20 B(x) 2 C(x) 2 (C(x) - l) 2 (B(x) - C(x)f((l + C(x)) 2 - AB(x))). 

Corollary 15.3.3.51 is a direct consequence of Proposition 15.3.1.31 □ 

Corollary 5.3.3.6 We use the notation \2.1\ and we assume that all the 
following elements are different from 0: 
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* 7], uj, p and uj 2 — rf and 

* 2bi -2 + uj 2 -tj 2 , 

* to 2 - rf - 2 + 2rj and uj 2 - rf - 2 - 2n, 

* lo 2 — T] 2 + 2uj and lo 2 — rj 2 — 2uj, 

* lo 2 — rj 2 — 1 + 2r] and uj 2 — rf — 1 — 2n, 

* 2b\ + J 1 - rj 2 - 1, bi + rj, b\ - r], b\ — 1 + u and bi — l — u 

For each 5 G k(x) x denote respectively by C~$ and the two following 
k{x)-hyperelliptic curves: 

Cj : t 2 = y(y - S)(y - 5C(x))(y 2 - 6[1 + C(x)]y + 5 2 B(x)) and 

CJ : t 2 = s{s 2 - S[(l - C(x)) 2 - 2{B{x) - C(x))]s + 5 2 [B{x) - C{x)) 2 ). 

Then the M(x)-Mordell-Weil rank of Jac(C) is if and only if for every 
positive element ( G k x the k{x)-Mordell-Weil ranks of Jac(C^), Jac(C^ x ), 
Jac(C^) and Jac(C^ x ) are trivial. 

Proof. Corollary 15.3.3.51 can be applied since 

1. B = (x + h) 2 - t] 2 , C = 2(x + h) + u 2 - 7] 2 - 1, 1 - C and 
B — C = {x + b\ — I) 2 — uj 2 split into linear fatcors; 

2. (1 + C{x)) 2 - 4B(x) = A(uj 2 - r] 2 )x + Ap 2 has degree 1; 

3. 1 - C is coprime to xB(x)(B(x) - C(x))((l + C(x)) 2 - 4B(x)); 

4. the following polynomials are not squares in C(x): 

(a) B{x 2 ) (since n, b\ — rj and 6i + r\ are nontrivial), 

(b) B(x 2 ) — C{x 2 ) (since uj, b\ — 1 + uj and b\ — 1 + uj are nontrivial), 

(c) C(x 2 ) (since 2b\ + uj 2 — rj 2 — 1 is nontrivial) and 

(d) (1 + C(x 2 )) 2 - AB(x 2 ) = 4{uj 2 - n 2 )x 2 + 4p 2 (since p + 0). 

Since Gcd(C7(x 2 ), B{x 2 )) = Gcd(C(x 2 ), B(x 2 ) - C(x 2 ) = 1, the poly- 
nomials B(x 2 )C{x 2 ) and C(x 2 )(B(x 2 )—C(x 2 )) are not squares in C(x). 
In the same way, (1 — C{x 2 ){B{x 2 ) — C(x 2 )) is not squares in C(x) 
because Gcd(l - C{x 2 , B{x 2 ) - C{x 2 )) = 1. □ 
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5.4 Richelot's isogenies. 

Proposition 5.4.1 Let K be a characteristic field. Let J and J be two 

abelian varieties defined over K. We assume that J(K) is finitely gen- 
erated. We assume the existence of two isogenies p : J — > J and p : 
J — ► J such that p o p = [2] j and (pop = [2]j. Then the K -Mordell- 
Weil rank of J is if and only if J(K)/p{J{K)) = J(K) t0 rs/(p{J{K)) and 
J(K)/p(J(K)) = J(K) tors /p(J(K)). 

Proof. Assume that J(K)/p(J(K)) = J(K) tor s/p(J(K)) and 
J(K)/p(J(K)) = J(K) tors /p(J(K)). The group J{K) / J{K) tors is free and 
finitely generated. Assume its rank is greater than and let a be an element 
of one of its Z-bases. Notice that a is not a double in J(K)/ J(K)t or s- Let 
(3 be an element of the class a. 

By hypothesis (3 is equal to T% + p{(3\) for some torsion point T\ E J(K) 
and some point j3\ € J(K). In the same way we get (3\ = T2 + tpifh) for 
some Ti G J(K) tars and some 02 £ J(K). As a consequence (3 is equal 
to T\ + (p(T2) + 2/?2 and thus a is a double in J(K)/ J(K) tars . This is a 
contradiction with the choice of a. □ 

Notation 5.4.2 Let K a characteristic field. Let a and f3 be two elements 
of K such that (3(a 2 — 4/3) 7^ 0. Let P be the elliptic curve defined over K by 
the affine equation z 2 = y(y 2 + ay + /?). We define a group homomorphism 
70 : V{K) — ► K x /K x2 by mapping a if -point (y, z) £ V{K) to 

* the class of y in K x /K x2 when y is nontrivial, 

* the class of (3 in K x /K x2 when (y,z) = (0,0) 

* and by mapping the neutral element of T>{K) to the class of 1. 

Proposition 5.4.3 We use the notation \5.4-3\ We assume that V{K) is 
finitely generated. Let D be the elliptic curved defined over K by the affine 
equation z 2 = y(y 2 — 2ay + a 2 — 4/3). 

Then the Mordell-Weil rank of D(K) is if and only if 
jv(V(K)) = lv {V{K) tOTS ) and y 3 (V(K)) = ^(D(K) tors ). 

Proof. There are two isogenies p : T> — ► T> and (p : T> — ► T> such that 
<p o tp = [2]g and (p o p = [2]-p, and such that Ker(7x>) = p(T>{K)) and 
Ker(7^) = p(V(K)) (for more details see |ST92| section III.4, page 76 and 
section III. 5, page 85). Proposition 15.4.31 is proved by applying Proposition 
15.4. II to the isogenies p and p. □ 

Notation 5.4.4 Let K be a characteristic field. Let Gi(y),G2(y),G^(y) 
be three elements of K[y] of degree at most 2. We assume that the degree 
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GtG 2 G 3 is 5. Denote by K iiH the if-algebra K[T]/(Gi(T)). Let H be the 
hyperelliptic curve defined over K by the affine equation 

H : z 2 = G 1 (y)G 2 (y)G 3 (y). 

We define a group homomorphism LT^ : J&c(Tt)(K) — ► (K x /K x2 ) 3 in 
the following way: when div(u,v) E Div°(K(H)) is a semi-reduced divisor 
with u coprime to Gj and if a is its linear equivalence class, then the i-th 
coordinate of U H (a) is the class of N KiH / K ((-l) dc ^u(T)) in K x /K x2 . 

Proposition 5.4.5 We use the notation \5.4-4\ We assume that Jac(7i)(K) 
is finitely generated. If P, Q £ K[y] are two polynomials then we denote 
by [P,Q] the polynomial P'(y)Q(y) — P(y)Q'(y). Let C be the hyperelliptic 
curve defined over K by the affine equation 

C:Az 2 =L 1 (y)L 2 (y)L 3 (y). 

where L\ := [G 2 ,G 3 ], L 2 := [G 3 ,Gi], L 3 := [Gi,G 2 ] and A := det(gij) (we 
denote by gij the coefficient of Gi relative to the monomial y 3 ). 

Then the Mordell-Weil rank of Jac(7i)(K) is if and only if 
Hn{ Jac(H)(K)) is equal to H-n(Jac(H.)(K)tors) andHj^(Jac(TL)(K)) is equal 
to U n (Jac(n)(K) tors ). 

Proof. We consider Richelot's isogenies cp : Jac(W) — ► Jac(W) and 
tp : Jac(W) — * Jac(W) (see |CF96| chapter 9). Following |CF96| Theorem 
9.9.1, we have Ker(n H ) = (p(Jac(H)(K)) and Ker(n^) = <p(Jac(H)(K)). 
Proposition 15.4.31 is proved by applying Proposition 15.4 ll to the isogenies ip 
and tp. □ 

Theorem 5.4.6 We use the notation \2.1\ We assume that the hypotheses 
of Corollary \5.'J.'J.b^ are satisfied. For each 5 £ k(x) x we consider the hy- 
perelliptic curves Cf, Cf, C7, Cj defined over k(x) by the affine equations 
affines 

C j :z 2 = (y + ffiiffea) L* _ (ffizfM)^ (y2 _ Pld+cy-^l j 

Cj : z 2 = (y + 8(1 + C(x)))(y 2 - A8 2 B{x))(y 2 - A8 2 C(x)) 

CJ : z 2 = y(y 2 - 5[(1 - C{x)) 2 - 2{B(x) - C{x))]y + 8 2 (B(x) - C{x)) 2 ) 

Cj:t 2 = y(y + 5(1 - C(x)) 2 )(y + 6((1 - C(x)) 2 - 4(B(x) - C(x)))). 

We use the notation 15.4.21 relative to Cj and Cj , and the notation 15.4.41 

* with G x (y) := y + 5 -^M and G ^ y ) := y 2 _ ^(i-C(x)) ^ 2 and 

GM := y 2 _ m±c(*m^MM\ when n = C j. 
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* with Gx(y) := y - S(l + C(x)) and G 2 (y) := y 2 - 45 2 B(x) and 
G 3 (y) := y 2 - A5 2 C (x) when ft = C+. 

Then the R(x)-Mordell-Weil rank of Jac(C) is if and only if for every 
positive element C £ k x the images of 

7c c -> 7 <r V \v u ct andu Q 

are respectively the images of the &(x)-rational torsion subgroups of 

C f> C <>' C <T' Jac ( C <^)> Jac ( c <>)) Jac(C^) and Jac(C^). 

Proof. Following Corollary 15.3.3.61 the M(x)-Mor dell- Weil rank of Jac(C) 
is if and only if for every positive element £ S k x the A:(x)-Mordell-Weil 
ranks of Jac(C^), Jac(Ct), and are trivials (notice that even if the 
curve C~£ is not the same as in Corollary 1 5 . 3 . 3 . 6] both curves are isomorphic 
over k(x): replace y by y — [ n the equation defining C~f). Theorem 

15.4.61 is obtained by applying Proposition 15.4.31 to the elliptic curves and 
C^ x and Proposition 15.4.51 to the hyperelliptic curves and C^ x . □ 

6 A familly of positive polynomials that are not a 
sum of three squares in ~K(x,y). 

6.1 How we will proceed. 

Notation 6.1.1 Let A; be a characteristic field. Let /(y) £ k(x)[y] be a 
monic squarefree polynomial with odd degree and 7i be the hyperelliptic 
curve defined on k(x) by the affine equation z 2 = f(y). 

r 

Let / = JJ-Pi(y) be the decomposition of / into prime elements of 

i=l 

k{x)[y\. Denote the algebra k(x)[y]/ f(y) by M, the field k(x)[y]/ Pi(y) by 
Ki and the class of y in Ki by y{. 

Let 7Pft : Jac(TL)(k(x)) — > M x /M x 2 be the morphism obained by apply- 
ing Proposition 14.2.21 to 7i and k(x). Using the Chinese remainder theorem, 



we can think of tt-h as a morphism tt h : Jac(H)(k(x)) — > J| K x /K x2 

i=l 



Notation 6.1.2 The norm map Nx i /k{x) asociated to the field extension 

Ki/k(x) induces a homomorphism Nx i /k(x) '■ K x jK x2 — > k(x) x /k(x) x2 . 

Denote by ir^i : 3ac(H)(k(x)) — > K x /K x2 the i-th coordinate of tt-h 

and by the composite map N^jklx) ° ^H,i- 111 this subsection we study 

r 

the homorphism : Jac(H)(k(x)) — ► k{x) x /k(x) x2 with i-th coordi- 



nate 3ft f i (for ervery i £ {!,■•■ >?"})■ 



i=l 
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Proposition 6.1.3 We use the notation \6.1.1\ and \6.1.£H Let i G {1, • • • , r} 

be an interger. For each index j ^ i, denote by dij the rational fraction 

dij := Gcd N Ki/k{x) Pi (y) ]J P k (y) , N Kj/k{x) Pj (y) J] P k (y) 



Then each element of the image ofH-j-i is a class 



n W 



II Vr,j 



for some family (//jj) ^ < ^ < r °f squarefree elements of k[x] such that 

3 + i 

= and such that the prime factors of fa are prime factors of dij. 

Proof. Let (3 be an element of Jac("H)(A;(x)) and let div(u, v) be a semi- 
reduced divisor on TL with linear equivalence class /3. The field Ki is the 
fraction field of a Dedekind ring 0,. Let 

be the decomposition of ((— l) deg ^u(7/j)) into prime ideals of Oi (i.e. (Vi t i)i^i 
and (Qi,i) le j are two families of prime ideals of Oj). 

Applying Nj^./u x ) to Decomposition [2] we get the existence of cti 6 
squarefree whose prime factors are prime factors of N^./^^V^i) and the 

lei 

existence of ji G k(x) x such that Nx i /k(x){{~ l) des ^«(yi)) = «i7^- From 
the definitions of 7r^ and we know that E%i(/3) is the class of aj in 
A;(x) x /A:(x) ><2 . 

Step 1: applying Proposition f5. 3. 2. 31 Following Proposition l5.3.2.3l all 
the valuation v-p il (f'(yi)) are nontrivial. Thus, for each / G /, the 
prime factors of N K ./ k{x) (T>i,i) are prime factors of N K ./ k ^(f(yi)) = 

^Ki/k(x) P[ (yi) Pj (yi) I . In particular the prime factors of ojj are 

V & I 

prime factors of N Ki/k{x) P[ (yi) J| Pj (yi) . 

\ j& ) 

Step 2: applying Proposition I4T2T21 For faj we take Gcd(aj, ccj); the 
leading coefficient of fa t j can be choosen such that a% and fa.j have 

the same leading coefficient. Write JJ/ijj = A,r 2 with Aj G 
squarefree and Tj G monic. 
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1. If p divides aj, then v p (fj,i t j) = v p (aj) for each j ^ i (notice that 
au and squarefree). In particular if p divides on then 

r 

2. Following Proposition 14,2.21 the product JjH-^ 5 j(/3) is the triv- 

ia 

ial element of k(x) x /k(x) x2 . Since OH,i(P) 1S the class of aj in 

r 

k{x) x /k(x) x2 , the polynomial is a square in k(x). In par- 

i=l 

ticular, for every prime p, the valuations w P (JJ ay) and f p (aj) are 

congruent modulo 2. 

From those two remarks we deduce that for every prime divisor p of 
aj the valuation v p (TT fJ-ij) is odd. Since cti is squarefree this implies 

the divisibility of A, by o-j. 

Moreover the definition of Aj implies that Aj divides aj. Since they 
have the same leading coefficient, Aj and an are equal. Thus H-^ ; j(/3) 
is the class of JJ^m i n k(x) x /k(x) x2 . From Step 1 we know that the 

prime factors of fiij = gcd(«j, ay) are prime factors of dij. □ 

Lemma 6.1.4 Let k be a characteristic field. Let S, T G k[x] be such that 
T(S 2 — AT) is nontrivial. Denote by T> the elliptic curve defined over k{x) 
by the Weierstrass equation 

V:(3 2 = a{a 2 + Sa + T). 

Let {a, (3) ^ (0,0) be a k(x)-point ofT>. Then there is a constant e G k, a 
monic squarefree divisor fi £ k[x] of T and two polynomials 9 G k[x] and 
ip £ k[x] such that a = efi^z and fi9 is coprime to if) and 

efiu 2 = e 2 n 2 6 4 + Sen6 2 ifj 2 + Tip 4 . 

Notation 6.1.5 Two rational fractions a £ k(x) x and (3 G k{x) x are said 
to be equivalent modulo squares (and we write a ~ (3) if there exists 7 G 
k(x) x such that a = 7 2 /3. The equivalence class of a £ k(x) x relative to the 
relation ~ is denoted by [a]. 

Notation 6.1.6 Let V be a place of k{x) and O-p be the associated valua- 
tion ring. Let a, (3 be elements of 0%. 

The element a is equivalent to (3 modulo V and modulo squares (and 
we write a ~ (3 mod V) if there exists 7 G Op such that a are f3~/ 2 are 
congruent modulo V . 
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The two following propositions are a first example of the specialisation 
results we use in the four next sections to study of the image of ^n,i = 
^Ki/k{x) ^Hji- They are stated using common notation. 

Notation 6.1.7 Let k be a characteristic field. Let A be an element of 
k(x). Denote k(x)[T]/(T 2 — A) by K and the class of T in K by t. 

Let V be a place ofk(x), O-p be the associated valuation ring, v-p be the 
valuation at V ', and p be an uniformizor ofV. 

Proposition 6.1.8 We use the notation \ 6.1.6\ and 6.1.7\ We denote the 
element p- v v( A )A £ 0£ by A. Let u := u (y 2 ) + yui{y 2 ) G k(x)[y] be a 
polynomial and denote p- v v( N K/k(x){u{t))) N K / k ^(u(t)) G by a. Assume 
that v-p(A) is odd. 

1. If v-p(N K / k ( x -)(u(t))) is even, then a ~ 1 mod V ; 

2. if vp(N K / k ^(u(t))) is odd, then a ~ —A mod V and 

MA ^ + 1 +v v ( Ul (A))<v v (u (A)). 

Proof. The valuation vp((uo(A)) 2 ) is even and the valuation v-p{A(u\(A)) 2 ) 
is odd. These valuations are differents. As a consequence, the valuation at V 
of^ /fc(x) ( U (t)) = ( Uo (A)) 2 -^(n 1 (^)) 2 isMin(^(K(A)) 2 ),^(A( Ul (A)) 2 )). 

If v v {N K/k{p .){u(t))) is even. Then v v (N K/k{x) (u{t))) is equal to 
v-p((uo(A)) 2 ) and is strictly less than vp{A{u\{A)) 2 ). The class of 



a = p 



-v r (N K/Kx) («(<))) (u^A)) 2 - p-^^K/^M 1 ^ A{ui{A)f 



in the residual field at V is nontrivial and equal to the class of 
(p-vv{uo(A)) UQ ( A ^ 2 _ 

If v v {N K/k{x) (u{t))) is odd. Then v v {N K/k{x) (u{t))) is equal to 
v-p{A(u\{A)) 2 ) and is strictly less than vp((uo(A)) 2 ). The class of 



o 



. p -v T {N K/Hx) (u{t))) (u (A)) 2 -p- B p(%k(«)W')))i( Ul (A)) 5 



in the residual field at V is nontrivial and equal to the class of 
—A (jp~ Vr p( u i{ A )) ] ui(A)} . Moreover, since vp((uo(A)) 2 ) is greater than 
or equal to vp{A{u\{A)) 2 ) + 1, the stated inequality holds. □ 

Proposition 6.1.9 We use the notation 1 6. J. 61 and and \6.1.T\ We assume 
that 

* the valuation v-p (A) is even, 
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* that p~ v v( A )A is not a square in the residual field O-pjV . 

Then, for every polynomial u := Uo(y 2 ) + yu\{y 2 ) G k(x)[y], the valuation 
vv(N K/k{x) (u(t))) is even. 

Proof. Assume that the valuation vp(^V"if /fete) («(£))) is odd. Denote by 

r the minimum Min I vp (u (A)), + v P ( Ul (A)j) . When the classes of 

two elements a and (5 in Op have the same classes in the residual field O-p/V 
we write a = (3 mod V. 

Prom the definition of r we know that the valuation at V of 

p- 2r N K/k[x) (u(t)) = {p- r u (A)) 2 -p-^A (p^iA)/ 2 -r) Ui{A) y 

is nonnegative. We have more : since it is odd, this valuation is positive. In 
particular we have 

{p- r u (A)) 2 = p- v ^A (V MA)/2 ~ r) «i(A)) 2 mod V. (3) 

Prom the definition of r and from the congruence [3] we deduce that 
v v (p( v r( A )/ 2 - r ) Ul (A)) = v v (u (A)) = 0. In particular, the class of 
p( v v( A )/ 2 ~ r )ui[A) i n O-p/V is invertible. Thus the congruence [3] shows that 
is a square in O-p/V. This is a contradiction. □ 

6.2 A study of the elliptic curve Cj . 

Notation 6.2.1 We use the notation \2.1\ For every 5 G k(x) x let Cj be 
the elliptic curve defined on k{x) by the affine equation : 

Cg :t 2 = s(s 2 -5 ((1 - C) 2 - 2 (B - C)) s + 5 2 (B — C) 2 \ . 

In our statements and their proofs we also use the notation \5.4-%\ and \6.1.o\ 

Remark. The polynomials B - C, 1 - C, (1 - C) 2 - 4(B - C) and 6 
are nontrivial. Thus s (s 2 - 5 ((1 - C) 2 - 2 (B - C)) s + 5 2 (B - C) 2 ) is 
squarefree. 

Notation 6.2.2 To simplify our statements we denote 1 — C by e and B — C 
by d. Notice that e has degree 1, d is monic of even degree and that e 2 — Ad 
has odd degree. 

Let (a, (3) be a k(x)-point of C$ . Following proposition 6.1.41 there is a 
constant e G k, a monic squarefree divisor n G k[x] of 5d and two polynomials 
6 G k[x] et ip G k[x] such that a = e/i|^- and fi9 is coprime to ip and 

eiiv 2 = eV# 4 - 5(e 2 - 2d)epi9 2 ^ 2 + S 2 d 2 ^ 

= M 2 _ ggzgfl^ _ jV^M ^ (4) 

For every positive element £ G k x we study the image of -y c - and -y c - (see 
the notation \5. 4 
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Lemma 6.2.3 We use the notation \6.2.1\ Let 5 £ k[x] be a nontrivial 
polynomial. We assume that the leading coefficient of 5 and the leading 
coefficient of (1 — C) 2 — A(B — C) are strictly greater than 0. 

Then every element of the image of 7 C - is the class in k(x) x /k(x) x2 of 
a monic squarefree divisor /i of 5{B — C) with even degree. 

Moreover, for every divisor p £ k[x] of 1 — C coprime to 5{B — C), we 
have either /x ~ 1 mod p or /i ~ —5d mod p. 

Proof. We use the notation 16,2.21 Let A be the leading coefficient of e 2 — Ad. 
Applying Proposition 16. 1 .81 with V the place above the infinite place of k(x), 
A := S e ^ ~ 4f ^ and u(y) = y — a + 2 " 2d ^ we get the class in k x jk x2 of e: 

e ~ 1 if deg(/x) is even, and e ~ —A if deg(fi) is odd 

(notice that following Proposition 14.2.21 an d if Ka denotes the algebra 
k(x)[t]/(t 2 — A), the element aN KA ^ k ^(—u(t)) is a square in k(x); thus e 
has the same class in k x jk x2 as the leading coefficient of ^K A /k(x)(~ u {'t)))- 
Assume that deg(//) is odd. From our application of Proposition 16.1.81 
we know that: 

de g f a - a ' e2 - 2 '")<- 1 + d ^ V ' e2 - 4 '"». (5) 



As the degree of e 2 — Ad is odd and the degree of d is even, we have 
deg(e 2 — 2d) = deg(e 2 ) > deg(e 2 — Ad). Using those inequalities one can 
show 

2 deg (6 (e 2 - 2d)) > deg(<5 2 e 2 (e 2 - Ad)). (6) 

The inequalities and are compatible only when aip 2 = efj>9 2 and 
2 2fc ^ V 2 have the same leading term. 

The leading coefficient of e 2 — 2d = e 2 — Ad + 2d is 2 and [i is monic. 
Hence we know that e ~ £ (with £ the leading coefficient of S). In particular 
e is positive. This is in contradiction with e ~ —A (because A is positive). 
Thus the degree of fj, is even. 

Let p € k[x] be a divisor of e. Assume that p is coprime to 5d. From 
Equation H] we deduce a congruence [iv 2 = (^l8 2 + 5dtp 2 ) 2 mod p. If p does 
not divide is, then [i ~ 1 mod p. In the other case, we use the divisibility of 
fi9 2 + Sdijj 2 by p, the coprimality of # and ifi, and the coprimality of 5d and 
p to show that [i ~ — 5d mod p. □ 

Lemma 6.2.4 We use the notation \6.2.1\ Let 5 £ k[x] be a nontrivial 
polynomial. Let p be a divisor of 5 such that v p (5) = 1 and v p (l — C) = 
v p (B - C) = 0. We assume that the degree (1 - C) 2 - A(B - C) is 1. 

Then every element of the image of 7 C - is the class in k(x) x /k{x) x2 of 
a squarefree polynomial fi such that 
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1. fi ~ 1 modp whenever v p (fj,) = and 

2. ~ p^5 mod p whenever v p (/j,) = 1. 

Proof. We use the notation 16.2.21 Assume that the valuation v p (fi) is 
trivial. 

If p is coprime to 9. Then Equation H] gives e\xv 2 = e 2 /j, 2 9 4 mod p. 
If p divides 9: Then the polynomial 

- 2dU 2 | = e\iv 2 - 5 2 d 2 ip 4 
p J 

is divisible by p 4 . As ip and 9 are coprime and v p (5) = 1 and v p {d) = 0, 
the valuation of v p (5 2 d 2 ip 4: ) at is 2. Thus v p (u) is equal to 1. Let v 
denote p~ l v and 5 denote p~ 1 5. Equation 0] implies a congruence 
e^jLV 2 = 5 2 d 2 iJj A mod p. 

In both cases we have an equivalence e/i ~ 1 mod x. 

Now assume that the valuation v p (fj,) is 1. Then, from Equation HI the 
prime p divides v. Denote the polynomial p~ l en by Ji, the polynomial p~ l 5 
by 5 and the polynomial p~ l v by v. Simplifying Equation [J] by p gives an 

equation pjw 2 = (jl9 2 + 5dip 2 ^j — 5e 2 Jl9 2 ip 2 . In particular we get 

5e 2 J19 2 ij 2 = (]19 2 + 5A/> 2 ) 2 mod p. (7) 

If p divides 9 then the congruence [7] shows that p divides Sdip 2 i.e. that p 
divides ip. This would contradicts the coprimality of 9 and V- Thus p is 
coprime to 0. In the same way p is coprime to ip. Hence the congruence [7] 
gives an equivalence ju ~ 8 mod p. □ 

Proposition 6.2.5 We use the notation \6.2.1\ Assume the inequality 
ijj 2 > rj 2 and the hypothesis^ (see Assumptions \2.J$ . 

Then for every positive element ( G fc x the image of '^1 C - is trivial. 

Proof. Let ( > be an element of k. Let (a, f3) be a £;(x)-point of the 
curve C^. The leading coefficient of (1 - C) 2 - A{B - C) is (uj 2 - rj 2 ). This 
coefficient is positive by assumption. Following Lemma 16.2.31 j c - (a, (3) is 

either the trivial class in k(x) x /k(x) x2 or the class of B — C. 

Assume that 7 c -(a,/3) is the class of B — C. The remainder of the 

Euclidean division of B — C by 1 — C is not a square in k (see hypothesis [aj). 
In particular this remainder is nontrivial and the last statement of Lemma 
16.2.31 applies : 

B - C ~ 1 mod (1 - C) or B - C ((B - C) mod (1 - C). 
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The first equivalence is in contradiction with the hypothesis [aj the second 
one contradicts the positivity of £. □ 

Proposition 6.2.6 We use the notation \6.2.1\ Assume the inequality 
oj 2 — rj 2 > 2\oj\, and the hypotheses^ [g@[e| and\E (at least with n\ = 1 and 
^2 = ^-3 = 0^ (see Assumptions \2.J$ . 

Then for every positive element C £ k x the image of ' "i r - is trivial. 

Proof. Let £ > be an element of k. Let (3 be an element of the image 

of 7 C - . The leading coefficient of (1 - C) 2 - 4(B - C) is (uj 2 - rj 2 ). It is 

Cx _____ 
positive by assumption. Following Lemma l6.2.3t the class j3 is the class of 

a monic squarefree divisor [i of x(B — C) with even degree 
Case 1: \i ~ 1. Then 7 C - (a, (3) is the trivial class. 

fa 

Case 2: /U ~ f? — C. Following Lemma l6.2.4l we have B — C ~ 1 mod x (to 
show that the asumptions of Lemma l6.2.4l are satisfied, use hypotheses 
El EOandEj). This is in contradiction with the hypothesis [k] (applied 
with n\ = 1 and = = 0). 

Case 3: fj, ~ x(x + 6i — 1 — w). The remainder of the Euclidean division 
of x 2 (-B — C) by 1 — C is not a square in k (see hypothesis |b] and 
hypothesis [cj). In particular this remainder is nontrivial and the last 
statement of Lemma 16.2.31 applies : 

H ~ 1 mod (1 - C) or /i C^(£ - C) mod (1 - C). 

After computing the remainders of the Euclidean division of \x and 
—x(B — C)[i by 1 — C we obtain 

(26i — 2 + uj 2 — r] 2 )(lo 2 -rj 2 + 2oj) ~ 1 or C ~ 2( to 2 — rj 2 — 2u). (8) 

The first equivalence is in contradiction with the hypothesis |cj Fol- 
lowing Lemma 16.2.41 (its asumptions are satisfied: use hypotheses |bj |d] 
and[ej) we have (b\ — 1 — uj) ~ (\ Thus if the second of the equivalences 
[H] holds then we get a contradiction with hypothesis [dj 

Case 4: /j, ~ x(x + b\ — 1 + u>). This case is analogous to Case 3 (with — u 
instead of uj). □ 

6.3 A study of the elliptic curve . 

Notation 6.3.1 We use the notation \2.1\ For every 5 G k(x) x let CJ be 
the elliptic curve defined on k(x) by the affine equation : 

:t 2 = s(s + 5(1 - C) 2 )(s + 5((1 - C) 2 - 4(B - C))). 
In our statements and their proofs we also use the notation \5.^.2\ and \6.1.'5[ 
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Remark. The polynomials B — C, 1 — C, 5 and (1 - C) 2 - A(B - C) are 
nontrivial. Thus the polynomial s(s + 5(1 - C) 2 )(s + 5((1 - C) 2 - A(B - C))) 
is squarefree. 

Notation 6.3.2 Let (a, (3) be a k(x)-point of Cj . To simplify our state- 
ments we denote 1 — C by e and B — C by d. 

Following Proposition \b.l-4l there is a squarefree divisor [i G k[x] of 
5(1 - C)((l - C) 2 - A(B - C)) and two polynomials 9 G k[x] et iff G k[x] 
such that a = fi^, and fi9 is coprime to if), and 

= (^2 + Se 2 ^ 2 )^ 2 + 5(e 2 - Ad)^ 2 ). (9) 

Lemma 6.3.3 We use the notation \6.3.1\ Let 5 €z k[x] be a nontrivial 
polynomial. We assume that —5(B — C) is not a square modulo (1 — C). 
Then every element of the image of 7^- is the class in k(x) x /k(x) x2 of 

a squarefree divisor of 5((1 — C) 2 — 4(B — C)). 

Proof. We use the notation 16.3.21 The degree of e = 1 — C is 1. Assume 
the existence of a polynomial fi\ such that fi = e\i\ = (1 — C)n\. Then ^1 is 
a squarefree divisor of 5(e 2 — 4d). Denote by H2 the unique polynomial such 
that 5(e 2 — Ad) = [i\ii2- As — 5d is not a square modulo e, the polynomials 
e (which is prime) and 5(e 2 — Ad) are coprime. Hence /j,2 and e are coprime. 
After simplification, Equation [9] becomes 

v 2 = ( f i 1 e 2 + 5eiP 2 )(e9 2 + /i 2 ip 2 ). (10) 

From this equation, we deduce a congruence v 2 = —A5d6 2, ip 2 mod e. But 
—5d is not a square modulo e. So e divides v and either or ifj. 

If e divides 9. Then v 2 - fi9 4 - 5e 2 9 2 ip 2 - 5(e 2 - Ad)9 2 ip 2 = 5e^ A is 
divisible by e 2 . This is a contradiction : e and [12 are coprime, and e 
and ip are coprime (because 9 and tp are coprime). 

If e divides ip. Then v 2 - 5e 2 9 2 ip 2 - 5(e 2 - Ad)9 2 ^ 2 - <5e^ 4 = A^ 4 is 
divisible by e 2 . This is a contradiction : fi is squarefree, and 9 and if> 
are coprime. 

Both case are impossible; the irreducible polynomial e = 1 — C does not 
divides /i. □ 

Lemma 6.3.4 We use the notation 1 6'. ff.il Lei 5 G fee a nontrivial 

polynomial. Let p be a divisor of B — C coprime to 5. 

Then every element of the image of is the class in k(x) x /k(x) x2 of 

5 

a squarefree divisor of 5(1 — C)((\ — C) 2 — A(B — C)) with either n ~ 1 mod p 
or n ~ — 5 mod p. 
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Proof. We use the notation 16.3.21 From Equation [9] we get the congruence 
pv 2 = (fj>9 2 + <5e 2 V> 2 ) 2 mod p. 

If p does not divide [iQ 2 + 5e 2 ip 2 '. Then v is invertible modulo p and 
thus fi ~ 1 mod p. 

Else As 9 and ?/> are coprime (and e and p are corpime), the congruence 
nO 2 = —Se 2 "^ 2 mod p gives an equivalence /i ~ —5 mod p. □ 

Proposition 6.3.5 We use the notation \6. 3.1\ We assume that the element 
(yj 2 — r/ 2 ) — Auj 2 is positive. 

Then, for every positive element C, £ k x , the image of^^r- is the subgroup 

of k(x) x /k(x) x2 generated by the two classes {—(] and [(1 + C) 2 — 41?] . 

Proof. Let £ > be an element of k. Let (a, j3) be a fc(x)-point of the curve 
. By assumption, the remainder — Q{(uj 2 — rj 2 ) 2 — Ato 2 ) of the Euclidean 
division of —C,{B — C) by 1 — C is negative. As k is a subfield of R, this 
remainder is not a square in k and Lemma 16.3.31 applies : 7^-(a,/3) is the 

class in k(x) x / k(x) x2 of a squarefree divisor fj, of (1 — C) 2 — 4(1? — C). Since 
[(1 — C) 2 — 4(1? — C)] = 7g-- (0, 0), we can assume that /i is an element of k. 

To conclude we use the lemma 16.3.41 : since /i is constant we have either 
/x ~ 1 or /i ~ — Q. □ 

Proposition 6.3.6 We use the notation \b\'3.l\ We assume that p is differ- 
ent from 0. We also assume that the hypotheses 0J, 0, \R and\B (at least 
with n\ = 1 and n<i = = 0) are satisfied. 

Then, for every positive element (, £ k x , the image of^p- is the subgroup 

of k{x) x i 'k(x) x2 generated by the two classes [~C X ] an d [(1 + C) 2 — 41?] . 

Proof. Let Q > be an element of k. Let (a, (3) be a fc(x)-point of the curve 
C^ x . From lemma 16.1,41 the image 7^-(a,/3) is the class in k{x) x /k{x) x2 

of a squarefree divisor /u of x(l — C)((l — C) 2 — 4(1? — C)). Since [— Qx\ = 
7 ~_ (-Cx(l - C) 2 , 0) and [(1 - C) 2 - 4{B - C)} = 7^- (0, 0), we can assume 

that /U is a divisor of 1 — C. 

The polynomial B — C has only two prime factors: p\ := x + 61 — 1 — u 
and P2 ■= x + 61 — 1 + to. They are coprime to x (see hypothesis [kj) . From 
Lemma 16.3.41 there exists two integers mi and m<i such that 

fi ~ (— C,x) mi mod pi ~ (— £ (1 — b\ + w))" 11 mod pi and , . 
M ~ (-(x)" 12 mod p 2 ~ (-C (1 - h - u)) m2 mod p 2 . [ j 

The remainder of the Euclidean division of — 16£x(l? — C) by 1 — C is 
r := -2C(1 - C*(0))((w 2 - n 2 ) 2 - Aoj 2 ). 
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Case 1: If r ^ k x2 . Then Lemma 16.3.31 applies : /i is constant. 

If mi or m,2 is even, then one of the two equivalences [UJ is /x ~ e ~ 1. 
Else, by taking the product of the two equivalences [TTl we obtain 
e 2 ~ (— C) 2 ^(1 ~~ b\) 2 — u: 2 ^ i.e. a contradiction with hypothesis E 

Case 2: If r is a square i.e. if C 2(1 - C(0))((w 2 - rf) 2 - 4w 2 ). 

Subcase 1 : If /i is a constant. This case is analogous to Case 1. 
Subcase 2 : fj, = e(l — C) with e 6 k x . The equivalences [TTl are 



e (r/ 2 - w 2 - 2a;) ~ (-< (1 - &i + w))™ 1 and 
e (r/ 2 - w 2 + 2w) ~ (-C (1 - 6i - w)) T 



Taking the product of theses equivalences, we obtain 

(V - uj 2 ) 2 - 4w 2 ) ~ (_ C )™i+™2 (x _ 6l + (i _ bl _ . 

Since ( ~ —2(1 — C(0))((uj 2 — rj 2 ) 2 — 4w 2 ) we have a contradiction 
with hypothesis m [U [g] and [h] □ 

6.4 The image of II C +. 

Notation 6.4.1 Let k be a characteristic field. Let E, D, 5 £ k[x] be 
three nontrivial polynomials such that 1 — 2E, (1 — E) 2 — D and E 2 — D 
are nontrivial. We consider the hyperelliptic curve TL defined on k{x) by the 
affine equation 

H : z 2 = (y + 5(1 - E))(y - 5E)(y + 5E)(y 2 - 5 2 D). 

Remark. The hypotheses on E and D implies that the polynomial 
(y + 5(1 - E))(y - 5E)(y + 5E)(y 2 - 5 2 D) is squarefree. 



Notation 6.4.2 We use the notation \6. 4 -1\ Consider the four polynomials 
fi(y) -=y + 5(1 - E), f 2 (y) :=y- 5E, f 3 := y + 5 and f 4 (y) := y 2 - 5 2 D. 

We assume that f±(y) is irreducible (i.e. that D is a square in k(x)). 
Denote by Ki the field k(x)[T]/ (fi(T)) and by yi the class of T in Ki. Let 

4 

it-h : Jac(7i)(k(x)) — > / 2 be morphism defined by Proposition 

i=i 

\4-2.2 and ti-h^ : Jac(TL)(k(x)) — ► K* /K x2 be its i-th component. In this 

4 

section we study the homorphism : Jac(Tt)(k(x)) — > k(x) x /k(x) x2 

i=i 

with i-th component the homomorphism ^n,i := N Ki i k r x \ o Tru,i- 
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Notation 6.4.3 We use the notation \6.4-l\ and \6.4-2\ We assume that 
1 — 2E and (1 — E) 2 — D are coprime, (1 — E) 2 — D and E are coprime, 
1 — 2E and D are coprime, and E and D are coprime. 

Let a be an element of the image Jm(Eft). From proposition \ 6.1.HA we 
know that a = ([^1,2/^1,3/^1,4], [^1,2/^2,3/^2,4], [^1,3^2,3/^3,4], [Ml,4M2,4M3,4]) with 

* Mi,2 S fc[»] a squarefree divisor of 5, 

* Ml 3 ^= M x ] a squarefree divisor of 5(1 — 2E), 

* i±\^ G fc[x] a squarefree divisor of 5((\ — E) 2 — D), 
[1-2,3 £ M 2 -] a squarefree divisor of 5E(E 2 — D), 
M2,4 £ M 2 -] a squarefree divisor of 5(E 2 — D) and 
^3,4 £ fc[a;] a squarefree divisor of 5(E 2 — D). 

Consider the following polynomials: 

* /ii, 2 = 1, /tl, 3 = Ml,3Ml,2, #1,4 = Ml,4, 

* #2,3 = M2,3/il,2M2,4? #2,4 = 1 #3,4 = ^3,4^2,4, 



Replacing by a squarefree polynomial in the same class in k(x) x /k(x) 
than Jlij we assume without loss of generality that n\ 2 = /124 = 1. 



x2 



Proposition 6.4.4 We use i/ie notation \6. 4 -1\ \b-4-2\ and \G.^.S . Let p be a 
prime factor of E such that v p (E) = 1 and v p (5) = v p (D) = 0. 

Then for every a in the image of 3^ there exists four polynomials 
ai, ct2, «3, «4 6 fc[x] smc/j £/tcrf a = ([«i] , [02] , [03] , [04]) and 

1. a2«3 ~ 1 mod p whenever v p (oi2) is even; 

2. a2«3 ~ — SD mod p whenever v p (ct2) is odd. 

Lemma 6.4.5 We keep the notation and assumptions from Proposition 
\6.4-4\ Let (3 £ Jac(Tt)(k(x)) be a k(x)-point of JaciTL). 

Then (3 can be written in the form (3 =< u,v > +T with T £ Jac(7i)(k(x))[2] 
a 2-torsion point and u a polynomial of degree at most 2, coprime to f\, f2, 
and f^, such that 

1. either deg(u) < 2 and v p (u(5E)) is even, 

2. or deg(u) < 1 and v p (u(5E)) is odd. 
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Proof. Let V p : k(x) x /k(x) x2 — ► Z/2Z be the map induced by v p . Let 
n2 G {0, 1} represent the class 1^,(3^2 (/?))■ By assumption the valuation 
v p (2E(E 2 — D)) is odd. The image of the 2-torsion point < y — 5E,0 > by 
Z n ,2 being [2E(E 2 - £>)], we have ^(3^,2 (/3 + n 2 < y - SE, >)) = 0. 

Let (S, £>) be Mumford's representation for (3 + n2 < y — SE, >. As the 
image of < u, v > under E-^2 is the class [(— l) deg ^u(5E)], the valuation 
v p (u(6E)) is even. The point < u, v > does not satisfy all the conditions of 
the lemma : u and /1/2/3/4 may have a common factor. To solve this prob- 
lem we consider three polynomials: the polynomial Uf := gcd (u, /1/2/3/4), 
the polynomial u := u/uf, and the remainder v of the Euclidean division of 
v by u. 

If deg(u) = 2, then the point < u,v >=< u, v > satisfies condition 1. 
Otherwise the degree deg(u) is at most 1 and the point < it, i> > satisfies 
either condition 1 or condition 2 (the correct case depends only on the parity 
of v p (u(5E))). □ 

Proof of Proposition 16.4.41 Let V p : k(x) x /k(x) x2 — ► Z/2Z be the 
map induced by v p . We use the notation 16.4.31 Let (3 be a &:(x)-point of 
Jac(W) with a = H^(/3). The main idea of the proof is to use the equality 

u(-5E) = u{5E) - 25E Ul (12) 

(which holds for every polynomial u(y) = U2y 2 + u\y + uq 6 k(x)[y] of degree 
at most 2). 

Step 1. Let S be the set of all 5 £ (A;(x) x /A;(a;) x2 ) 4 that can be written as 
a = ([oil] j [«2] , [«3] , [04]) for some polynomials 5i, «2, 03, 04 G 
such that 

1. 5203 ~ 1 mod p whenever v p (a2) is even, and 

2. Q203 ~ —5D mod p si v p (a.2) is odd. 

From Lemma 16.4.51 =< u,v > +T with T G Jac(W)(A;(x))[2] and 
u G /c(x)[y] of degree at most 2, coprime to /1, /2, /a and /4, such that 

1. either deg(ii) < 2 and v p (u(5E)) is even, 

2. or deg(n) < 1 and v p (u(5E)) is odd. 

As H>{ is a homomorphism and since the 2-torsion of 3ac(7i)(k(x)) 
is a subset of S, the image a = S^(/3) belongs to 5 if and only if 
3ft(< it, v >) belongs to 5. In particular, without loss of generality, 
we can assume that is equal to < u, v >. 

Step 2. Write u(y) = ?fy 2 + ?fy + f with u , m, u 2 , A G four 
coprime polynomials. The polynomial u being monic, A is the leading 
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coefficient of u(y) := U2y 2 + U\y + Uq. In particular uq, u\ and U2 are 
coprime. 

The image H Wj i(< u,v >) is equal to the class [(-l) deg ^u(5(E - 1))]. 
It is also the class of the divisor ^1,3/^1,4 of <5 2 (1 — 2£ , )((1 — .E 2 ) — D) (see 
the notation [6X3]). Thus, since 5(1 — 2E)((1 — E 2 ) — D) is coprime 
to p, the valuation v p u(5(E — 1)) is even. 

Assume that v p (X) is odd. Then the valuation v p (u(5(E — 1))) is odd. 
The coefficient 112 being either or A, the prime p divides u^. As a 
consequence the congruence — 5u\+uq = u(5(E — l)) mod p = mod p 
holds. But p is not a common divisor of uq, u\ and U2 (they are 
coprime) . Thus p is coprime to uq and coprime to u\ . In particular 112 
is equal to A (A is divisible by p and equal to no, u\ or U2). We have 
a contradiction : 

* the polynomial 112 = A being nontrivial, the degree of n(y) is 2. 
From our hypothesis on < u, v > (see Lemma r6.4.5|) . the valuation 
v p {u{5E)) is even; 

* because of the congruence u(5E) = uq mod p, the polynomial p 
does not divide u(5E); thus v p (u(5E)) is even i.e. v p (u(5E)) is 
odd. 

From this contradiction we deduce that v p (\) is even. 

Step 3. Following Step 1, we only have three cases to look at. 

Case 1: if v p (u(5E)) is trivial. Following Equation [12] we have 
u(5E) = u(—5E) mod p. Moreover u(5E) is invertible modulo 
p. This implies the triviality of the image 

Z n ,2(< u , v >)^h,3(< u,v>) = [u{5E)u{-5E)} 

= [u(5E)u(-5E)} . 

Case 2: if v p (u(5E)) is even and nontrivial. Since it divides 
5 2 (1 - 2E)(E 2 - D) the polynomial W, 3/^3,4 is coprime to p. Us- 
ing the equalities [(-l) de ^u(5E)} = E H:2 (< u,v >) = [u 2 , 3 ], 
we get the parity of v p (fi2,3)- Hence from the equality 

(_l)deg(«) n( _^ ) j = En2{< UiV>) = [^3/^3,4] 

we deduce that v p (u(—5E)) = v p (u(—5E)) + v p (X) is even. 
The polynomial u(—5E) = u(5E) — 25Eu\ is divisible by p (be- 
cause p divise E and u(5E)). Thus u(—5E) is divisible by p 2 . 
Since v p (E) = 1 and since u(5E) and u{— SE) are divisible by p 2 , 
the equation 25Eu\ = u(5E) — u(—5E) implies the divisibility of 
u\ by p. From the divisibility of uq = u(5E) — U2^ 2 E 2 — u\5E 
and u\ by p we deduce 
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* the coprimality of 112 and p and thus the equality of U2 and 
A (because no, u\ and 112 are coprime); 

* (-l) dc §(«) \u(5(E - 1)) = 5 2 {E - \) 2 u\ mod p; 

* N K4/k{x) ((-l) d °s(=)£) = (uq + ^ZW) 2 -^/^ 

= 8^D 2 u\ mod p. 

We can conclude thanks to Proposition 14.2.21 the image 

Sft,2(< >)H Wj3 (< u,w >) = H Wj i(< u,v >)H Wj4 (< u,v >) 
is equal to the class 

\-l)^)\u(5(E - l))N Ki/k(x) ((-l) de s(")5)] = [1] . 

Case 3: if v p (u(5E)) is odd i.e. if the degree of u(y) is at most 1. 
Then p divides uq = u{5E) — 5Eu\. Hence we have 

* N Ki/k{x) ((-l) de ^u) = ul - 5 2 Du\ = -b 2 Du\ mod p and 

* u(5(E - 1)) = 5(E - l)m + u = -Sui mod p. 

Morevover uq and u\ being coprime, p does not divides u\ and 
we have u\ = A. To conclude we use Proposition 14.2.21 the image 

3w,2(< u,v >)E H)3 (< u,v >) = H Wj i(< u,v >)E nA (< u,v >) 

is equal to the class 

(-l) dc ^Xu(5(E - l))N K4/k(x) ((-l) de ^s)] = [-SD] . □ 

Proposition 6.4.6 We use the notation \6.4-l\ \U~.4-2\ and [6.4-^\ Letp £ k[x] 
be a prime such that v p (E 2 — D) = 1 and v p {5) = v p (E) = v p (l — 2E) = 0. 

Then for every a in the image of H-^ there exists four polynomials a±, 
0*2, «3, «4 £ k[x] such that a = ([ai] , [02] , [03] , [04]) and 

1. a\ ~ 1 modp or a± ~ 1 — 2E modp whenever 1^(0203) is even; 

2. a% ~ S mod p ou ct\ ~ 5(1 — 2E) mod p whenever v p {a2a 3 ) is odd. 

Proof. Let F p : k(x) x /k(x) x2 — > Z/2Z be the map induced by v p . Let 
j3 be a /c(x)-point of Jac(W) and denote by a the image H-^(/3). We use 
the notation 16.4.31 relative to a. The proof is analogous to the proof of 
Proposition 16.4.41 

Step 1. As in the proof of Proposition 16.4.41 and because of the three 
following facts 
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1. the image of the 2-torsion of Jac(H)(k(x)) by contains 

Q(l _ E f - D] , [E 2 - D] , [E 2 - D] , [(1 - Ef - D\) 
= ~ n (<y 2 -8 2 D,0>) and 

([<$] , [2E (E 2 -D)], [25E] , [E 2 - D] ) = E n (< y - 5E, >) 

2. v p (E) = and v p (E 2 - D) = 1, and 

3. if < u, v > is a fc(x)-point of Jac(H) with u and coprime, 
then H W) 2(< u,v >) = and H Wj3 (< it, u >) = [u(— 

we can assume without loss of generality that a = H^(< u, v >) with 
it a polynomial of degree at most 2, coprime to fi, /2, /3 and /4, such 
that 

1. either deg(n) < 2, and both v p (u(8E)) and i; p (it(— (5E 1 )) are even, 

2. or deg(n) < 1 and v p (u(8E)u(—5E)) is odd. 

Step 2. Write u(y) = ?fy 2 + + X with u 0' u i' u 2, A G four 
coprime polynomials. The polynomial u being monic, A is the leading 
coefficient of u(y) := U2y 2 + u\y + uq. In particular ito, u\ and 112 are 
coprime. 

Assume that v p (X) is odd. By definition of the fiij, we have 
V p ([(-l) de ^u(S(E - 1))]) = y p (h,3Mi,4]). Morevover M i )3A i 1)4 is co- 
prime to p because: 

* it is a divisor of 5 2 (1 - 2E)((1 - E) 2 - D, and 

* 5 2 {l-2E){(l-E) 2 -D) is coprime top (since v p {5) &ndv p {l-2E) 
are trivial and since (1 - E) 2 - D = (1 - 2E) + (E 2 - D)). 

Hence v p (u(S(E — 1))) is even and v p (u(5(E — 1)) is odd. In particular 
p divides u(S(E — 1)). 

The coefficient 112 being either or A the prime p is a divisor of 112. 
This divisibility gives a congruence 

<$(£7-l)ui + no = u{5{E-l))-u 2 5 2 {E-l) 2 mod p = mod p. (13) 

The polynomial p is not a common divisor of no, u\ and 112 (they are 
coprime) . As a consequence p is coprime to ito and coprime to u\ . In 
particular 1*2 is equal to A (A is divisible by p and equal to ixo, u\ or 
1*2). We have a contradiction : 

* the polynomial u 2 = A being nontrivial, the degree of u(y) is 
2. From our hypothesis on < it, v > (see Step 1), the valuation 
v p (u(5E)) is even i.e. v p (u(5E)) is odd; 
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* since u{5E) = 5Eu\ + uq mod p = 5u\ mod p (see Congruence 
[T3|) . the polynomial p does not divide u(5E); thus v p (u(5E)) is 



even. 



The existence of a contraction means that v p (X) is even. 
Step 3. For every w £ k(x)[y] we denote by ^ W (T) the resultant 

\MT) := res, ((-l) dc ^My), y 2 - t) . 

This notation is motivated by the equalities 

Z nA (< u,v>)= [* u (5 2 D)] = [* 2 («5 2 L>)] 
and H Wj2 (< u, u >)H^ i3 (< u,v >) = [* 2 (5 2 S 2 )] . 

In particular we deduce from Proposition 14.2.21 that 

4 



(14) 



E Htl (<u,v>) = }]%(< u,v >) 

= ^ 5 (^)*s(^i3)]. 

The proof of Proposition 16.4.61 is based on Taylor's formula for 

9s{PD)-9v{P&) = 5 2 (D-E 2 )^(5 2 E 2 ) 

+u 2 5 A (D-E 2 ) 2 { ' 

with *~(T) = 2u 2 (u + Tu 2 ) - uf the usual derivative of #c(T). We 
will especially use the congruence \Pg (^ 2 -^) = (<5 2 -E 2 ) mod p. 

Case 1: if u p (u(£E)) = v p {u{-5E)) = 0. Then * s (5 2 £ 2 ) has an in- 
verse modulo p. Hence the reduction modulo p of Equation [T5l 
gives an equivalence ^ {$ 2 D) ~ ^ (<J 2 £' 2 ) mod p. We conclude 
by invoking Equality fill the class 5^i(< u,v >) is trivial. 

Case 2: if v p (u{5E)u{—5E)) is even and greater or equal to 1. 

Since * s (S 2 D) = ^ s (5 2 E 2 ) mod p = u(5E)u(-5E) modp, the 
polynomial p divides ^ (^ 2 ^)- 

The valuation v p (u(8(E— 1)) is even (see step 2). From the equal- 
ity [5 (<*(£-!))] = S w> i(< u,t; >) = (S 2 E 2 ) ^ (S 2 D)] we 
deduce that t> p (^g (^-E 2 )) and v p f^g (5 2 L>)) have the same par- 
ity. In case 2 these valuations are even because (<5 2 £ 2 ) = 
u(SE)u(-5E). I n particular p 2 divides ((J 2 ^ 2 ) and * s (£ 2 -t>)- 
This is compatible with Equation [15] only if p divides (5 2 E 2 ^) 
(the valuation v p (5 2 (D — E 2 ) is equal to 1). 
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subcase (a): if p does not divide u(—5E). Thenu(5E) is di- 
visible by p. As a consequence we have a congruence 

Uq = —5 2 E 2 ii2 — 5Eu\ mod p. (16) 

Since 25Eu\ = u(5E) — u(—5E), the polynomial p does not 
divide u\. Using Equation [16] we deduce from the divisibility 
of *~ (5 2 E 2 ) = 2n 2 (n + 5 2 E 2 u 2 ) - u\ by p that the prime 
p divides u\(5Eu2 + u\). Using the coprimality of p and u\ 
this implies that 

u\ = —25Eu2 mod p. (17) 

As p and u\ are coprime, p does not divide n 2 . Since it is 
nontrivial, u 2 is equal to A. Thus, using Equations [TBI and [T71 
we get a congruence (— l) deg ^ Xu(5(E — 1)) = u^S 2 mod p i.e. 
the triviality of E n ,i(< u, v >) = [(-l) dc §(«) Xu{5(E - 1))] . 

subcase (b): if p does not divide u(5E). Doing computa- 
tions analogous to subcase (a), we get two congruences 
no = —5 2 E 2 U2 + 5Eu\ mod p and u\ = 25Eu2 mod p. Those 
congruences implies the coprimality of U2 and p. In particu- 
lar U2 and A are equals and the degree of u is 2. This means 
that (-l) de s( 5 ) \u(5(E - 1)) = u 2 5 2 (l - 2E) 2 mod p i.e. that 
the class H-^ j i(< u, v >) is trivial. 

subcase (c): if p divides u(—5E) and u(5E). Thenp divides 
2(5 2 E 2 u 2 + u ) = u(5E) +u(—SE) and u\ (because 25Eui = 
u(5E) — u(—5E)). This is possible only if v>2 is coprime to p 
(since p can not divide both uq, u\ and U2). As a consequence 
U2 and A are equal. 

Using the divisibility of 2{5 2 E 2 U2 + uq) and u\ by p and the 
equalities deg(n) = 2 and A = 112 we obtain an equivalence 
(-l) dc s(n) X u(S(E-l)) = u|5 2 (l-2£) mod p. Hence we have 
~H,i{< u,v>)= [(-l) dc ^Xu(8(E -1))] = [l-2£]. 
ase 3: if deg(5) = 1 and v p (u(5E)u(—5E)) is odd. 

Subcase (a): if v p (u(5E) is even. Then v p (u(—5E)) is odd. 
In particular we have no = 5Eu\ mod p. As no and u\ are 
coprime, p does not divide u%. Since it is nontrivial, u\ is 
equal to A. From the congruence 

{-\f^)Xu{5{E - 1)) = u\8{l - 2E) mod p 

we deduce that H-^ j i(< u,v >) = [5(1 — 2E)\. 
Subcase (b): if v p (u(5E) is odd. Since no = —5Eu\ mod p 
the prime p does not divide u\ (the polynomials no and u\ 
are coprime) and the congruence 

(-l) deg ®An(<5(£ - 1)) = n?<5 mod p 
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holds. In particular S^ j i(< u,v >) is equal to [5]. □ 

Proposition 6.4.7 We use the notation \2.1\ We also use the notation 
\5.4-4\ and \6.1.5l We assume that \uj\ > 1 + \n\ and uj 2 — rj 2 > 2\u>\. We also 
assume that the hypotheses^^ d and\M (at least with n\ = 0) are satisfied 
(see As sumptions 1 2. 3\ and \2.4\ )- 

Then, for every positive element C £ k x , the image ofU r + is generated 

by the images of the 2-torsion points of Jac(C^)(k(x)). 

Proof. The idea of the proof is to apply Propositions 16,1.31 16.1.81 r6,4.6l and 
16X41 with E(x) := and D = (1+C(x » 2 ~ 4g(x) . Notice that under our 

choice for E and D we have 

1 - E = 1 — 2E = C,E 2 -D = B-C and (1 - E) 2 - D = B. 

Let (3 be a /c(x)-point of Jac(C^). We use the notation 16.4. H [6". 4.21 and 
16.4.31 (relative to ILj+ (/?)). The assumptions made on E and D while stating 

those notation are satisfied. In fact 5 = C £ k x is nontrivial and: 

1. Hypothesis [2] states that the remainder of the Euclidean division of 
(1-E) 2 -D = B by 2E = l-C is different from zero; hence (1-E) 2 -D 
and E are coprime; 

2. in the same way 

(a) (1 — E) 2 — D and 1 — 2E are coprime (see Hypothesis H|) ; 

(b) the inequality to 2 — rj 2 > 2\uj\ implies the coprimality of D and E 
and the coprimality D and 1 — 2E = C; 

3. Since to 2 > (1 + \r]\) 2 , the degree of the polynomial 
AD = 4 (uj 2 - rj 2 ) (x + 6i) + (uj 2 - rj 2 ) + Arj 2 is 1; thus D is not a 
square in k(x); 

The polynomials /xi^, /ii,4, fJ-2,3 and ^3,4 defined in the notation 16.4.31 help 
us to understand a = H c +(/5) and H c +((3): 

« = ([^1,3/^1,4], [^2,3], [^1,3^2,3^3,4], [Mi,4/X3,4]) and 
n c+(/5) = ([Ml,3Ml,4] , [Ml,3M3,4] , [/«1,4M3,4]) • 

The polynomials 1 — 2E = C and 2E = 1 — C are irreducible, the 
polynomial (1 — E) 2 — D = B is equal to (x + b\ + n) (x + b\ — rj) and the 
polynomial E 2 — D = B — C is equal to (x + 61 — 1 + uj) (x + b\ — 1 — uj) . 
Moreover 

H c +(< y- C#,0 >) = ([C] , [2E {E 2 - D)] , [2(E] ,[E 2 -D]), 
~ c +(< y 2 - ( 2 E 2 ,0 >) = ([1 - 2E] , [-( {E 2 - D)] , [-( (1 - 2E) {E 2 - D)] , [1]) 



(< y 2 - ( 2 D,0 >) = ([(1 - E) 2 - D] , [E 2 - D] , [E 2 - D] , [(1 - E) 



D 
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are in the image of the 2-torsion by H r + . Thus we can assume without loss 
of generality that 

* jUi f 3 is a constant ex,3 G k x , 

* A*i,4 = ei,4 (x + b\ + 7/) ni with ei^ G /c x and ni G {0, 1}, and 

* M3,4 = £3,4 (x + £>i - 1 + w)™ 2 with e 3>4 £ k x and n 2 G {0, 1}. 

The next step is to apply Proposition 16.4,61 Its assumptions are satisfied: 
E 2 — D and 1 — 2E are coprime (since (1 — E) 2 — D and 1 — 2E are coprime), 
E 2 — D and E are coprime (since E and D are coprime) , E 2 — D = B — C = 
{x + b\ — l) 2 — to 2 is squarefree (since and 5 and E 2 — D are coprime 

(since (5 G /c x ). Proposition 16,4.61 asserts the existence of two integers n^, 
715 G {0, 1} such that 



ei,3ei,4 (x + b\ + r/)™ 1 ~ C n2 (! - 2 - B ) n3 m od (x + bx-l + w) and 
ei,3ei,4 (x + h + i]) ni ~ (1 - 2£)™ 5 mod (a + fij - 1 - w) . 

In other words we have 



(18) 



(19) 



ei,3e M (1 - w + vT 1 ~ C" 2 ((w - l) 2 - r? 2 )™ 3 and 
ei, 3 ei,4 (1 + w + r]) ni ~ ((w + l) 2 - ^ " ' 

Taking the product of these two equivalences we obtain 

+ l) 2 _ ^ „ C n 2 ( (w _ 1} 2 _ ^ ^ + 1)2 _ ^ (2Q) 

Two elements equivalent (relatively to ~) have the same sign. Since £, 
(a; — 1) — 77 and (uj + 1) — 77 are positive, and (77 + 1) — oj is negative, 
the equivalence |2"U1 implies the parity of n\. As a consequence and because 
of Equivalences [T9l the coefficient 61,361,4 is positive. 

The third step is to apply Proposition 16.4.41 Its assumptions are satisfied: 
E = is squarefree (its degree is 1), E and D are coprime, 5 and E are 
coprime (since 5 G k x ). Using the congruence — 5D = C,(E 2 — D) mod E we 
deduce from Proposition 16.4.41 that 

either ^1,3/^3,4 ~ 1 mod E or ^1,3/^3,4 ~ C{E 2 — D) mod E. (21) 

Case 1: if ^34 is a constant. Then 77.2 = and the equivalence [20] be- 
comes 

l~((--D 2 -r ? 2 ) n3 ((^l) 2 -, 2 )" 5 . 

Thus Hypothesis [k] implies the triviality of 723 and 77,5. In particular 
Equivalences [191 becomes e\ 3, 614 ~ 1. 
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We apply Proposition 16.1.81 with V the infinite place of k(x) and 
A := 5 2 D to study S c + 4 (/3) = [^1,4/^4] . As /ii,4 and ^13,4 are con- 
stants (ni = ri2 = 0), we obtain an equivalence /Ui,4//3,4 = £1,463,4 ~ 1 
i.e. the triviality of the classe a = ([^1,3^1,4], [^1,3/^3,4], [/ii,4/^3,4]). 

Case 2: if ^3,4 = £3,4 {x + b\ — 1 + 00). We apply Proposition 16.1.81 with 
V the infinite place of k(x) and A := 5 2 D. As /U14 is a constant and 
D is a de degree 1 polynomial with leading coefficient 4 (a; 2 — rj 2 ) , 
we obtain an equivalence ^1,4^3,4 ~ — (w 2 — t] 2 )(x + 61 — 1 + lo) i.e. 
£1,463,4 ' (w 2 - t? 2 ). 

Using the value of /i3,4 Assertion |2"T1 becomes 

£i,3£3,4 ~ -2 {lo 2 -rj 2 - 2lo) or £i,3£3,4 ~ -2C (w 2 - r/ 2 + 2a;) . 

We reformulate these equivalences thanks to Equivalences [T9l and 
£1,463,4 r (w 2 - rj 2 ), and (£1,361,4) (£1,363,4) (61,463,4) ~ 1- We get 



2 (uj 2 - rj 2 ) {lo 2 -rj 2 - 2u) ({co + l) 2 - rj 2 ] ~ 1 or 
2 {lo 2 - rj 2 ) {lo 2 -rj 2 + 2w) ((w - l) 2 - r/ 2 )" 3 ~ 1. 



Both equivalences are in contradiction with either hypothesis [3 or hy- 
pothesis [J] Case 2 never happens. □ 



Proposition 6.4.8 We use the notation \2. 1[ We also use the notation\5.4-4 



T 



and \6.llh We assume that lo > \r/\ + 1, lo 2 — rj 2 > 2lo and b\ > 1 + u ~ v 
We also assume that the hypotheses® \4\\R\H\M and\rH are satisfied. 

Then, for every £ 6 k x greater than 0, the image ofH c + is generated by 

the images of the 2-torsion points of Jac{C^ x ){k{x)). 



Proof. We apply Propositions 16.1.31 16.1.81 16.4.61 and 16.4.41 with 5 := Cx, 
E ( X ) := iz^M and D = (i+CM]!z4gM . 

Let (3 be a fc(x)-point of Jac(C^,). We use the notation 16.4. H IB~4.2I and 
16.4.31 (relative to n c + (/?)). As in the proof of Proposition 16.4.71 

* the assumptions made on E and D while stating the notation 16.4.11 
16.4.21 and 16.4.31 are satisfied; 

* by definition of ^1,3, ^1,4, ^2,3 and ^3,4 we have 

s c+ (Z 3 ) = ([Mi,3Mm]i [^2,3], [^1,3/^2,3/^3,4], [^1,4/^3,4]) and 

n C+ (P) = ([^1,3^1,4] , [/il,3M3,4] , [^1,4^3,4]) • 
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We can eventually substitute x/^3, x/^4 and x/i^^ to (1,1,3, /xi,4 and (13^. 
Thus, without loss of generality, we can assume that (i\^ and x are coprime. 

The polynomials 1 — 2E = C and IE = 1 — C are irreducible, the 
polynomial (1 — E) 2 — D = B is equal to (x + b\ + 77) (x + &i — 77) and the 
polynomial E 2 — D = B — C is equal to (x + 61 — 1 + u) (x + b\ — 1 — u) . 
Moreover 

H c + (< y - C^£, >) = ([Cx] , [2E (E 2 - D)] , [2(xE] ,[E 2 -D]), 

+ (< y 2 - CVi? 2 ,0 >) = ([1 - 2£] , [-Cx (£ 2 - D)] , [-Cx (1 - 2E) (E 2 - D)] , [1]) 



-c 



(<y 2 -( 2 x 2 D,0>) = ( (1-E) 2 -D ,[E 2 -D],[E 2 -D], (1 - E) 2 — D 



are in the image of the 2-torsion by E r + . Thus we can also assume without 
loss of generality that 

* 7x1^ is a constant G /c x , 

* ^1,4 = ei 5 4 (x + 61 + 7/) ni with ei 5 4 G A; x and ni G {0, 1}, and 

* M3,4 = e 3 , 4 x n6 (x + 61 - 1 + w) n2 (x + 61 - 1 - u)) ni with e 3j4 S fc x and 
n 2 ,n 4 ,n 6 G {0, 1}. 

Since E 2 (0) — D(0) = (b\ — l) 2 — J 2 is greater than the polynomials 5 = Qx 
and E 2 — D are coprime. Hence, as in the proof of Proposition 16.4.71 we can 
apply Proposition 16.4.61 : there are two integers 723, 715 G {0, 1} such that 



£1,361,4 (1 - w + r?) ni ~ C 2 (1 " w - h) n2 ((u - l) 2 - r] 2 ) 713 and 

61,361,4 (1 + OJ + T/)" 1 ~ C" 4 (1 + U - h)^ ((W + I)' - r/ 2 

Taking the product of these two equivalences we obtain 

((?? + i) 2 -w 2 ) ni ~ c n2+n4 (i-^-^i) n2 (i + ^-&i) n4 

x((^-l) 2 -7 / 2 ) n3 f(a; + l) 2 -7 ? 2V, 



(22) 



(23) 



Two elements equivalent (relatively to ~) have the same sign. Moreover 

* C) ( w — I) 2 — r / 2 an d (oj + l) 2 — rj 2 are positives ; 

* (7/ + l) 2 - uj 2 , 1-u-h = - ( bl - 1 - and 



2 V 1 2 



1 + a; - 61 = - ^ 2 -f- 2 ^ - (fc - 1 - ) are negatives 



Thus the equivalence 1231 implies the parity of 77,1+722 + 714. 

In the next steps we use Proposition 16.4.41 Its assumption are satisfied: 
E = is squarefree (its degree is 1), E and D are coprime, and 6 = (x 

~ 2 2 

and E are coprime (because E(0) = 1 — b\ — - Ip- < 0). 
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Case (1): if 7^1,4 is constant. Then n\ = 0, and ri2 and n.4 have the same 
parity. Hence Equivalence [23] becomes 

1 ~ ((61 - If - ((" - l) 2 - V 2 Y 3 ((« + l) 2 - r, 2 )" 5 . 

This equivalence and hypothesis E implies the triviality of rt2, ^4, ri3 
and 715. In particular the polynomial 7/3,4 is equal to es^x' 116 . 

Subcase (la): if 7/3,4 is constant. Since ni = 712 = n3 = 0, Equiv- 
alence [22] becomes 7*1,3/^1,4 = 61,361,4 ~ 1. 

As in the proof of Proposition 16.4.71 we apply Proposition 16.1.81 
with V the infinite place of k(x) and A := 5 2 D. Since 7^14 
and 7/3,4 are constants (112 = ^3 = 0), we obtain an equiv- 
alence 7*1,4/13,4 = £1,463,4 ~ 1 i.e. the triviality of the class 
s c+ (^) = ([^1,3^1,4], [^1,3/^3,4], [^1,4^3,4])- 

Subcase (16): if 7/3,4 = C3,4X. We apply Proposition 16.1.81 with V 
the infinite place of k(x) and A := <5 2 D. Since the degree of 
A*i,4M3,4 is 1, we obtain an equivalence 61,463,4 ~ — (uj 2 — rf). 
From Proposition 16.4.41 we have either /Ui, 3^3,4 ~ 1 mod or 
^1,3/^3,4 ~ Qx(E 2 — D) mod E 1 . These equivalences can be refor- 
mulate in the form 

— {uj 2 — r] 2 )x ~ 1 mod E or — (uj 2 — rf ){E 2 - D) ~(mod£ 

because 61,463,4 ~ — (uj 2 — rf) and 61,361,4 ~ 1 (see Equivalence [22] 
and use equalities ri\ = n% = 713 = 0). 

Using the equality — 2E = C — 1 = 2 (x + 61 - 1 ) + cj 2 - r/ 2 , the first 
equivalence becomes 2 (u> 2 — rj 2 ) (26i — 2 + uj 2 — rj 2 ) ~ 1. Hence 
this equivalence contradicts hypothesis Q] 

The remainder of the Euclidean division oiE 2 — D = B — C = 
{x + bi- l) 2 - uj 2 by -2E = C - 1 = 2{x + 61 - 1) + uj 2 - rf 
is — — — This remainder and uj 2 — rj 2 being positive and 
two equivalent elements (relatively to ~) having the same sign, 
the equivalence — (u> 2 — rj 2 )(E 2 — D) ~ £ mod E contradicts the 
positivity of 

Case (2): if 7*1,4 = 61,4 (x + 61+17). Then ri2 and 714 have different pari- 
ties. 

Subcase (2a): if n<i is odd. Then 71.4 is trivial. We apply Proposi- 
tion 16.4.41 As 7/1,37/3,4 = ei, 3 e 3 ,42; n6 (x + 61 - 1 + uj) and E 2 - D = 
B — C = (x + 61 — 1 + uj) (x + 61 — 1 — uj) we have either 

61,363,4^(2; + 61 - 1 + u) ~ 1 mod E or . . 

ei,36 3 ,4X 1 - n6 (x + 61 - 1 - uj) ~ C mod £. 1 J 
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Since the degree of ^1,4/23,4 is 2 + n^, Proposition 16,1.81 (applied 
with V the infinite place of k(x) and A := 5 2 D) gives us an 
equivalence £1,463,4 ~ (— (uj 2 — 7] 2 )) n(i . In particular, the signs of 
£1,463,4 and (— l) ne are equal. Hence £i,3£i,4 being positive (see 
the second of the two equivalences l22|) . the signs of £i,3£3,4 and 
(— l) m are equal. 

The remainders -(&i-l+^£) and _ ^ 2 -^ 2 ^ Q f the Euclidean 
divisions of x and x + 61-l + wby — 2E = 2{x + b\ — 1) +uj 2 — if 
are negative. Thus a sign argument proves that only one of the 
two equivalences [Ml the second one i.e. the equivalence 

(-2)™«£i, 3 £3,4 (2bi - 2 + LO 2 - 7? 2 ) 1 '" 6 {LO 2 - TJ 2 + 2u) ~ C 

From this equivalence and the equivalences £1,463,4 ~ (— (to 2 — ?7 2 )) 
and 61,361,4 ~ ( (b± — 1 + lo) (lo — 1 — i]) 1 ^ 11 ' 3 (u)—l + rff 13 (see 
Equivalences I22|) we deduce an equivalence in contradiction with 
hypothesis [mj 

1 ~ 2 n «(u J 2 - V 2 + 2u;)(b 1 -l + uj)(uJ 2 -r ] 2 ) m x 

(26i - 2 + w 2 - r/ 2 ) 1 "" 6 (w - 1 - 7/) 1 -™ 3 (w - 1 + r/) ns , 

Subcase (26): if 1%% is even. The proof is analogous to the proof of 
Subcase (2a); we get a contradiction with Hypothesis [nj □ 



6.5 The image of IL?+. 

Notation 6.5.1 Let k be a characteristic field. Let B, C, S £ k[x] be 
three nontrivial polynomials such that 1 — C, B — C and (1 + C) 2 — AB are 
nontrivial. We consider the hyperelliptic curve TL defined on k{x) by the 
affine equation 

H : z 2 = (y + 5(1 + C))(y 2 - 45 2 B)(y 2 - 45 2 C). 

Remark. As the polynomials B, C, 5, 1 — C, B — C and (1 + C) 2 — 4B are 
nontrivial, the polynomial (y + 5(l + C))(y 2 — A5 2 B)(y 2 — 45 2 C) is squarefree. 

Notation 6.5.2 We use the notation \6.5.1\ Consider the three polynomials 
f x (y) ■= y+ S(l + C), f 2 (y) := y 2 -45 2 B and f 3 (y) := y 2 -A5 2 C. We assume 
that f%(y) and fz(y) are irreducible (i.e. that B and C are not squares in 
k{x)). 

Denote by Ki the field k(x)[T]/ (fi(T)) and by yi the class ofT inK{. Let 



7Pft : Jac(Ti)(k(x)) — ► JJif^/if* 2 be the morphism defined by proposition 

i=i 

\4-2.2 and ti-h^ : Jac(TL){k(x)) — ► K* /K* 2 be its i-th component. In this 
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section we study the morphism : Jac(TC)(k(x)) — ► k(x) x /k(x) x2 

i=l 

with i-th component the morphism 3?^ := Nx i /k(x) ° ^H.i- 

Notation 6.5.3 We use the notation \6. 5.1\ and \6. 5.£l We assume that B 
and C are coprime, B and 1 — C are coprime, (1 + C) 2 — 4B and C are 
coprime, and B — 1 and C — 1 are coprime. 

Let a be an element of the image Im(Sy_). From proposition 1 6. 1 . 31 we 
know that a = ([^1,2/^1,3], [^1,2^2,3], [^1,3^2,3]) with 

* Mi,2 £ k[x] a squarefree divisor of 5((1 + C) 2 — 4U), 

* Ml, 3 ^ M x ] a squarefree divisor of 5(1 — C), and 

* f-2,3 £ k[x) a squarefree divisor of 5(B — C). 

Proposition 6.5.4 We use the notation \6.5.1[ \6.5."J\ and \6.5.'J[ Let p be a 

prime factor of B — C such that 

* v p (5) = v p (l - C) = v p (C) = 0, and 

* there is no A G k such that C = A 2 mod p. 

Then for every a in the image of H-^ there exist three polynomials a\, 02, 
03 G k[x] such that a = ([a\] , [02] , [03]); and v p (ai) = and 

ai ~ 1 mod p. 

Proof. Let < u,v >G Jac(7i)(k(x)) be a fc(x)-point of Jac(H). Without 
loss of generality, we can assume that u and /1/2/3 are coprime (eventually 
we need to add a 2-torsion point to < u, v >). 

Write u(y) = ^j-y 2 + ^j-y + ^ with uq, U\, U2, A G /c[x] four coprime 
polynomials. The polynomial u, being monic, A is the leading coefficient of 
u(y) := U2y 2 + u\y + no- In particular uq, u\ and U2 are coprime. 

As in the proof for Proposition 16.4.61 we look at the polynomial 

%(T) := res, {[-l) d ^u{y),y 2 ~t)= (u +Tu 2 ) 2 - Tu\. (25) 

Case 1: if p does not divide \&g(4<5 2 C). Then (S 2 C) has an inverse 
modulo p. As in the proof for Proposition l6.4.6l we use Taylor's formula 
at 45 2 C to compute $>u(45 2 B): since p divides A5 2 B - 45 2 C, Taylor's 
formula implies the equivalence (^ 2 ^) ~ ^2 (<5 2 C) mod p. This is 
enough to conclude: following Proposition 14.2.21 we have 

Sk,i(< u,v>) = H W;2 (< u, v >)~ w>3 (< u, v >) 
= [^(45 2 B)^(A5 2 C)]. 
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Case 2: if p divides ^ 5 (4<5 2 C). Then the congruence 

(n + 45 2 Cu 2 ) 2 = A5 2 Cu\ mod p (26) 
holds (see Definition I25p . 

Subcase (a): if p and u\ are coprime. Then C is a square mod- 
ulo p. This is in contradiction with our choice for p. 

Subcase (6): if p divide u\. Then Equation 1261 gives a congruence 

u = -45 2 Cu 2 mod p. (27) 

The polynomial no, u± and u 2 being corpime, p does not divide 
u 2 . In particular the degree of u is 2 and its leading coefficient 
A is equal to u 2 . Thus from the divisibility of u\ by p and from 
Equation [27] we get a congruence 

(-l)deg(S) A £(£(l + C)) = u 2^2^ _ C )2 mod p 

We conlude by noticing that H^ j i(< u,v >) is equal to the class 
[(-l)dog(2)A5(<y(l + C))] . □ 

Proposition 6.5.5 VFe use i/ie notation of Theorem \2. 51 For every 
5 6 k(x) x we consider the hyperelliptic curve Cf on k(x) given by the affine 
equation: 

C+:z 2 = (y + 6(1 + C)){y 2 - 45 2 B)(y 2 - 46 2 C). 

We use the notation \5.4-4\ andlKUM We assume that (uj 2 — rj 2 ^ 2 — 4n 2 , 
-B(O) — C(0) = (&i — l) 2 — UJ 2 and r\ are different from 0. 

We also assume that the hypotheses U&\Q\Q\^\&U!l\B (at least in the 
two cases n\ = 77,3 = and n± = n 2 = 0),{o\ and\p\ are satisfied. 
Then for every £ € k greater than 

* Im(Ufr+) is the image of the 2-torsion of Jac(Cf)(k(x)) by and 

* Im(Up+ ) is the image of the 2-torsion of Jac(Cf )(k(x)) by . 

Proof. Let £ be a positive element of k x . Let 5 be either £ or £x. Let (3 be 
a fc(x)-point of Jac(C^). We use notation 16.5-H 16.5.21 and 16.5.31 (relative to 

ILj-+ (0)). The assumptions made on B, C and 5 while stating those notation 

s 

are satisfied: 5 is nontrivial and 

1. C is not a square in k(x) (its degree is 1); 

2. 1? = (x + 61) 2 — ry 2 is not a square in k(x) (in fact it does not even 
have a double root since n ^ 0); 
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3. the remainder of the Euclidean division of 4B by C — 1 is the element 
(u 2 — rj 2 — 2) 2 — Arj 2 ; hence B and C — 1 are coprime (see Hypothethis 
[2]) and B — 1 and C — 1 are coprime (see Hypothethis [3]); 

4. the remainder of the Euclidean division of 4B by C is the element 
(to 2 — f] 2 — l) 2 — 4?7 2 ; hence the polynomials B and C are coprime 
(see Hypothethis H]) , and the polynomials (1 + C) 2 — AB and C are 
coprime (notice that Gcd((l + C) 2 - 4B, C) = Gcd(l - 45, C) and use 
Hypothethis [5]); in particular B and C are nontrivial and distincts; 

Proposition 16.1.31 applies and asserts the existence of 

* ^i 5 2 € a squarefree divisor of 5((1 + C) 2 — 4B), 

* Mi, 3 ^ M x ] a squarefree divisor of 5(1 — C), and 

* ^2,3 6 M 3 -] a squarefree divisor of 5(B — C) 

such that %+(/?) = ([^1,2/^1,3], [^1,2^2,3], |/*i,3M2,3])- 

The class ([(1 + C) 2 - 45], [(1 + C) 2 - 4B], [1]) is the image under E £+ of 

s 

the 2-torsion point < y + 5(l + C),0 >. Moreover the degree of (1 — C) 2 — 4B 
is 1. Thus we can assume without loss of generality that fix 2 is a divisor of 
5 (eventually we add < y + 5(1 + C), > to 0). 

The remainder (1+u) 2 — rj 2 of the Euclidean division of B = (x+b\) 2 — rj 2 
hy p := x + bi — l — iv is not a square in k (see hypothesis |k]) . An application 
of Proposition 16.1.91 with A := 5 2 B and V the place with uniformizer p 
gives the coprimality of ^1,3^2,3 and p. Since p divides B — C, since ^1,3 
divides 5(1 — C), and since B — C and 5(1 — C) are coprime we get the 
coprimality of p and ^2,3- In the same way, we can deduce from hypothesis 
Ethe coprimality of \i2 3 and x + b\ — 1 + uj. This means that /i2,3 is a divisor 
of 5. 

Assume temporarily that 5 is equal to Qx. From Hypothesis |o] we know 
that -B(O) = b\ — rj 2 is not a square in k. Applying Proposition 16.1.91 with 
A := 5 2 B and V the place with uniformizer x we show that v x (//i i 2/^2,3) is 
even (notice that following the definition of fii^ and 1U23, there is a poly- 
nomial u £ k(x)[y] such that //i,2A*2,3 ~ ^K 2 /k(x)( u (y2)))- In the same way 
hypothesis [p] allows us to apply Proposition 16.1.91 with A := 5 2 C and V the 
place with uniformizer x. Doing so we prove that v v (\i\^,\i2^) is even. 

We do not assume 5 is (x anymore. The valuations Was (^1,2)1 ^(^1,3) 
and 1^(^2,3) have the same parity. Hence after eventually replacing /Xjj by 
x IHj we can assume without loss of generality 

* the existence of e± t 2, £2,3 £ & x such that /ii^ = £1,2 and ^2,3 = £2,3, 

* and the existence of e E k x such that /ij^ = e or ^3 = e(l — C) (the 
degree of 1 — C is 1). 
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Now we study 11??+ „((3) = [/ii,3/i2,3] by applying Proposition 16.1,81 with 

A := 45 2 C and V the infinite place of k{x). Since 1 — C and — C have the 
same leading coefficient this proposition asserts that €2,36 ~ 1. 

The polynomial ^1,2/^2,3 is a constant. For every prime factor p of B 
the equivalence ^1,2^2,3 ~ 1 mod p holds (apply Proposition 16.1.81 with A := 
45 2 B and V the place with uniformizer p; notice that v p (B) = 1 since B is 
squarefree). In particular we have /ii^ ~ ^2,3. Since £2,3 ~ e, this means 
that that one of the equivalences ^i^^ifi ~ 1 or pi t 2p-i;i ~ 1 — C holds. 

Assume that /xi,2A*i,3 ~ 1 — C. We know the coprimality of B — C and 
C , and the coprimality of B — C and C — 1. Moreover B — C and x are 
coprime (by assumption B(0) — C(0) = (61 — l) 2 — uj 2 is nontrivial). The 
polynomial B — C factorizes as B — C = {x + b\ — 1 — oj){x + b\ — 1 + u>). The 
remainder of the Euclidean division of C by x + b\ — 1 — w is (w + l) 2 — rj 2 . 
This is not a square in k (see Hypothesis |k|). In the same way we prove 
that C is not a square modulo x + b\ — 1 + uj. Hence Proposition 16.5.41 
applies: ^2/^1,3 ~ 1 mod p for every prime divisor p of B — C. In particular 
rj 2 — uj 2 — 2uj and ?y 2 — uj 2 + 2uj are squares in k (notice that ~ l — C). 

This is in contradiction with hypothesis H As a consequence ^1,2/^1,3 ~ 1 
and thus %+(/?) = ([^1,2/^1,3] > [^1,2/^2,3], [^1,3^2,3]) is trivial. □ 



7 A proof of Theorem 12.51 

Assumptions 12.21 implies the positivity of P{x 2 ,y 2 ). Let us show that 
P(x 2 ,y 2 ) is not a sum of three squares in M(x,y). 

We use the notation of Theorem 15.4.61 Applying Proposition 16.2.51 
Proposition 16.2.61 Proposition 16.3.51 Proposition 16.3.61 Proposition 16.4.71 
Proposition 16.4.81 and Proposition 16.5.51 we know that for every positive 
element £ £ k x the images of 

7c- 7c-, 7c-, 7c-. n c +, H c +, H c? and H^ 

are respectively the images of the fc(x)-rational torsion subgroups of 

C^, C^ x , , C^ x , Jac(C^"), Jac(C^.), Jac(C^) and Jac(C^). 

Moreover the assumptions of Theorem 15.4.61 (i.e. of Corollary 15.3.3.60 are 
satisfied: 

* From Assumptions 12.21 we get that uj, uj 2 — rj 2 , uj 2 — rj 2 + 2uj and 
uj 2 — rj 2 — 2uj are nontrivial; 

* From Assumptions 12.31 we know rj, p, uj 2 — rj 2 — 2 + 2r], uj 2 — rj 2 — 2 — 2rj, 
uj 2 — rj 2 — 1 + 2r\ and uj 2 — rj 2 — 1 — 2r\ are nontrivial; 
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* From Assumptions 12, 4l we deduce the nontriviality of 2b\ + uj 2 — rj 2 — 1 
(see hypothesis [pj), 2b\ + uj 2 — rf — 2 (see hypothesis |b|) , b\ + rj, b\ — rj 
(see hypothesis |oj) , b\ — 1 + uj and &i — 1 — uj (see hypothesis Ej). 

From this theorem we deduce that the M(x)-Mordell-Weil rank of Jac(C) is 
0. In particular, since Jac(C) has no antineutral torsion point (see Theorem 
14.3.71 notice that its hypotheses have been checked while applying Corollary 
15.1. 2l in the proof of Corollary 15 . 3.3.6] ). the jacobian Jac(C) has no antineutral 
point. To conclude we use Proposition 13. 1.61 since Jac(C) has no antineutral 
point, P(x 2 , y 2 ) is not a sum of three squares in R(x, y). □ 
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